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Active movement is essential for the survival of microorganisms like bacteria, algae, and unicellular
parasites. In three dimensions, both swimming and gliding microorganisms often exhibit helical
trajectories. One such case are malaria parasites gliding through 3D hydrogels, for which we find that
the internal correlation time for the stochastic process generating propulsion is similar to the time taken for
one helical turn. Motivated by this experimental finding, here we theoretically analyze the case of finite
internal correlation time for microorganisms with helical trajectories as chiral active particles with an
Ornstein-Uhlenbeck process for torque. We present an analytical solution which is in very good agreement
with computer simulations. We then show that, for this type of internal noise, chirality and rotation increase
the persistence of motion and results in helical trajectories that have a larger long-time mean squared
displacement than straight trajectories at the same propulsion speed. Finally, we provide experimental
evidence for this prediction for the case of malaria parasites.
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The survival of microorganisms like bacteria or algae is
tightly connected to their ability to actively move, which
is essential to seek out more favorable conditions, e.g.,
places which offer more nutrients or sunlight for photo-
synthesis [1,2]. Although sometimes movement is col-
lective, e.g., in biofilms or during swarming, at the heart
of all migration processes is always the capability of
single microorganisms to internally generate forces and
torques [3–5]. Migration over large distances is also
essential for unicellular eukaryotes that have specialized
in infecting mammalian hosts, such as the causative
agents of the diseases malaria or toxoplasmosis [6].
Interestingly, in three dimensions many microorganisms
exhibit helical trajectories [7,8]. This includes species
of swimming bacteria [9,10], swimming algae [11–13],
and gliding parasites [14–16]. In Fig. 1(a), we show the
helical trajectories of malaria parasites gliding through
3D synthetic hydrogels (see Appendix A for details).
Since the pioneering work of Berg and Purcell, it is well

accepted that one of the main challenges for moving
microorganisms is to counter the effects of stochastic noise
[17,18]. For example, the bacterium Escherichia coli uses a
run-and-tumble strategy to move up and down chemotactic
gradients; run times are typically of the order of one
second, because for longer times orientation is lost due
to rotational diffusion which results from collisions with

solvent molecules [19]. The interplay of self-propulsion
and such external noise can be analyzed by the theory
of active Brownian particles, which combines a constant
propulsion force with stochastic noise for translation and
rotation [20–23]. The active Brownian particle model has
been used and extended in various contexts [24–29],
including adding torques to obtain circle swimmers [30–36]
and studying the influence of time-correlated noise [37–42].
However, most of these studies considered 2D cases,

whereas helical motion of chiral active particles occurs
in 3D [27]. If chiral active motion in 3D was analyzed
theoretically, then it was mostly in the context of swim-
ming. An early work on asymmetric swimmers in 3D

(a) (b)

FIG. 1. (a) Reconstructed trajectories of malaria parasites
gliding through synthetic hydrogels. Because this environment
is nearly isotropic, the right-handed helical trajectories persist
for long times. The typical turning time T is 22 s as indicated.
(b) The direction of the angular velocity Ω̂ displays a decay of
autocorrelation with a fast (τ ¼ 20 s) and a slow (τ ¼ 100 s)
regime (see Fig. 7 for a version with more details).
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considered the analogy to polymer models to extract new
power laws for effective diffusion [43]; in general, the
statistics of fluctuating helices is also an important aspect
of helical biopolymers like DNA [44]. Previous work on
sperm swimming considered stochasticity on the level of
curvature and torsion and showed that helical trajectories
are useful search strategies for chemotaxis in noisy envi-
ronments [45,46]. This line of work also considered
colored noise in the form of a power spectrum [46]. One
study of chiral motion in 3D started from the full mobility
tensor for an arbitrarily shaped particle and showed that
helical trajectories are the most likely outcome [47].
Similarly, a chiral active Brownian particle model has been
used to describe the helical motion of colonial choano-
flagellates and to show that purely stochastic propulsion
can result in effective dispersion [48]. Very recently, it has
been shown in a deterministic model for sperm swimming
that an asymmetric beat of the flagellum leads to helical
trajectories with high persistence [49]. Collectively, this
body of work demonstrates that helical trajectories can
have evolutionary advantages for microorganisms.
Noise arises not only from the interaction of the

microorganisms with their thermal environment, but also
from the internal force-generating processes, which might
have a correlation time on the same scale as the movement
that they generate [38]. To address this aspect of the system,
Ornstein-Uhlenbeck (OU) processes have been used, usu-
ally replacing the body-fixed constant velocity with a noisy
velocity performing an OU process around a body-fixed
average [50]. An OU process is Brownian motion confined
by a harmonic potential, such that the potential minimum
defines the average. The decay time to reach this average
defines a timescale; thus, it effectively corresponds to
colored noise. In recent years, the OU process has been
extensively used to model the stochastic motion of 2D
swimmers [51–58]. However, the approach of using an
OU process has not yet been explicitly extended to
chiral particles in 3D, although earlier work addressed a
general case of time-correlated noise with arbitrary power
spectrum [46]. This approach formally includes OU proc-
esses as special case, but this had not been worked out
explicitly before (see below).
Here, we introduce a three-dimensional model which

represents the noise in the generation of torque as an OU
process, similarly as suggested previously for 2D [38]. This
introduces a finite correlation time, reflecting transient
but slower additional processes in the torque-generation
mechanism, in contrast to uncorrelated (white) Brownian
noise. Analyzing the gliding of the malaria parasites
through hydrogels as visualized in Fig. 1(a) (see
Appendix A for details), we found that the typical turning
time is 22 s and that the correlation of the direction of the
angular velocity decays with two clearly separated time-
scales; compare Fig. 1(b). The large timescale of 100 s is
much larger than the turning time and, thus, corresponds to

the decay of orientation of the centerline of the helix, which
is the global feature of a helical motion. By contrast, the
small timescale of 20 s must then correspond to more local
features in time, in particular, to the correlation time of the
force-generating processes. The internal correlation time
likely results from reorientation in the flow field of the
adhesins on the parasite surface, which earlier has been
shown both experimentally and theoretically to be very
variable and to self-organize for productive gliding [16,59].
As we demonstrate here, our 3D OU model for chiral

active particles can be treated analytically by suitably
truncating a hierarchy of equations. We derive equations
for the effective correlation time, the mean position, and the
mean squared displacement (MSD). Our main finding is
that, in 3D, chirality and, hence, rotation can lead to
enhanced effective persistence compared to nonrotating
particles by an integrative effect of stochastic noise—a
stabilization that can even lead to helical trajectories
becoming “straighter than a straight line,” i.e., allowing
for larger long-time MSD compared to a particle moving
with the same speed on a straight trajectory without
rotation. A similar conclusion has been drawn before from
computer simulations of swimming sperm [49]. This
suggests that helical trajectories are favored for micro-
organisms that have to quickly move large distances
through their environment. Finally, we compare our model
to experimental data from malaria parasites, demonstrating
that it can describe the experimentally observed large MSD.
Model—The overdamped motion of swimming and

gliding microorganisms can be effectively characterized
by translational and angular velocities. This is equivalent to
a description in terms of active forces and torques for
gliding microorganisms [16] and has been used before
also for asymmetric low Reynolds number microswimmers
[32]. To model the intrinsic rotational noise, we consider an
active particle that is moving with a body-fixed constant
translational velocity Vbody

0 . Its rotational velocity performs

an OU process around the body-fixed average Ωbody
0 . In the

lab frame, we use two vectors to track the orientation of the
particle. n1 is the direction of the mean angular velocityΩ0,
and n2⊥n1 is defined with the angle α between Ω0 and V0

(see Fig. 6 in Appendix A):

Ω0 ¼ Ω0n1; V0 ¼ jV0jðn1 cos αþ n2 sin αÞ: ð1Þ
For simplicity, we set jV0j ¼ 1 in the following. In the lab
frame, the equations of motion are

dΩ ¼ −kðΩ − Ω0n1Þdtþ hdΛ; ð2Þ
dn1 ¼ ðΩ × n1Þdt; ð3Þ

dn2 ¼ ðΩ × n2Þdt; ð4Þ

dr ¼ ðcosðαÞn1 þ sinðαÞn2Þdt: ð5Þ
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Here, k is the potential strength and h the noise amplitude
of the OU process. dΛ is a 3D standard Wiener process.
Note that noise is not multiplicative in the lab frame.
Focusing on the intrinsic noise for simplicity, we disregard
external noise (such as Brownian translational noise) or
intrinsic noise in the translational velocity.
Rotation—The rotational part described by Eqs. (2)

and (3) is decoupled from the rest and can be solved first.
The dynamical equations for the expectation values hΩi
and hn1i constitute an infinite hierarchy of expectation
values of cross products of these two quantities, the first
four being hΩi, hn1i, hΩ × n1i, and hΩ × ðΩ × n1Þi. We
can apply moment closure to the higher-order terms in
the dynamic equation for hΩ × ðΩ × n1Þi to truncate this
hierarchy (see Appendix B).
By rotational symmetry, only the component singled out

by the initially parallel Ω and n1 axes is relevant (as the
rotational problem is independent of n2), and the other
two components of each vector vanish upon averaging (we
choose this direction to be z). Hence, the truncated system
defines a four-dimensional, linear, homogeneous ordinary
differential equation problem, which we can analyze by its
eigenvalues.
The mode relevant for the long-time behavior can be

identified as the unique mode with real eigenvalue and
parallel hΩi and hn1i, which describes the decorrelation
of hΩi from its initial orientation. The other eigenvalues
describe the unstable state where Ω and n1 are antiparallel,
and oscillatory states, all of which decay more quickly.
The relevant eigenvalue can be computed exactly but is
cumbersome as a solution of a fourth-order polynomial.
Expanding for small k=Ω0, i.e., assuming the rotation is
faster then the timescale on which the OUP returns to its
average, we get the approximation

λ ¼ −
h2 þ Ω2

0kþ k3 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2ðΩ2

0 þ k2Þ2 − h4
p

Ω2
0 þ k2

; ð6Þ

which describes the decay as hΩi ¼ ð0; 0;Ω0Þ exp ðλtÞ and
hn1i ¼ ð0; 0; 1Þ exp ðλtÞ. The more negative λ, the faster Ω
and n1 decorrelate from their initial orientation. For fixed
noise amplitude h, both decreasing the strength k of the
OUP potential and decreasing angular speed Ω0 lead to
faster decorrelation, suggesting that the rotation has a
stabilizing effect. In the limits of vanishing noise,
diverging potential strength, or diverging angular speed,
the timescale of decorrelation diverges. In the limit of
small noise amplitude, λ converges to the power spectrum
of the OU process evaluated at the angular speed,
consistent with a derivation starting from power spectra
([46]; see Supplemental Note 1 [60]).
To validate our approximations, we compared the

solutions against numerical simulations of the initial model
[Eqs. (2)–(5), implemented in JAX [66] using standard
solvers for stochastic differential equations, set up in

DIFFRAX [67], and made publicly available [68]]. In
Fig. 2, different expectation values obtained from averaging
20 000 numerical simulations are compared with (i) the
numerically solved truncated ODE system [Eqs. (B1)–(B4),
dashed gray line] and (ii) the analytical exponential decay
given by the dominant eigenvalue λ. As shown in Fig. 2(a),
larger noise yielding faster decorrelation produces larger
values of the higher-order expectation values. We find
that the truncations are qualitatively correct (see also
Supplemental Fig. S1 [60]), while quantitative differences
are visible—the numerical solution of the truncated system
shows some additional oscillations. The exponential decay
by λ is too fast here, which signifies that during the relatively
rapid decay, additional modes are relevant. For lower noise,
in Fig. 2(b) we see excellent agreement between numerical
simulation, numerical solution of the truncated system, and
the exponential decay given by λ from Eq. (6). The latter
decay completely dictates the persistence in the resulting
motion, as also apparent in the resulting trajectories illus-
trated in Figs. 2(c) and 2(d). Generally, lower decorrelation
can be reached by lower noise amplitude h, stronger
Ornstein-Uhlenbeck potential k, or higher angular speed Ω0.
Translation—For the analytical treatment of the trans-

lational part, we assume that initially Ω ¼ Ω0n1 is in the z
direction. The solution of the rotational part then allows one
to solve Eq. (5) for the motion in z, dhzi ¼ cosðαÞhn1i. To
obtain the MSD and the remaining coordinates, we need an
expression for hn2i. By construction, n2⊥n1, so n2 is

(a) (b)

(c) (d)

FIG. 2. (a) Time course of different moments obtained from
numerical simulation [Eqs. (2)–(5)] in comparison with numeri-
cal solution of the truncated system [Eqs. (B1)–(B4), gray dashed
lines] and analytical approximation predicting exponential decay
with eigenvalue λ [Eq. (6), yellow dotted lines]. Parameter values:
potential strength k ¼ 0.2, noise amplitude h ¼ 0.3, angular
speed Ω0 ¼ 1, and angle α ¼ π=6. (b) The same as (a), but
now for k ¼ 2, h ¼ 0.1, andΩ0 ¼ 2, i.e., much reduced noise and
faster turning. Here, the agreement between simulations and
theory is even better. (c) Simulated trajectories at parameters
from (a). (d) Simulated trajectories at parameters from (b). The
reduced noise leads to more regular trajectories. See also
Supplemental Movies 1 and 2 [60].
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rotating in the plane perpendicular to n1 with angular
frequencyΩ0, which is on average the x-y plane. We assume
that n2 initially points in the x direction. The decorrelation of
n1 is also decorrelating the plane in which n2 rotates, but the
latter additionally decorrelates within the plane by variations
of the magnitude of the rotational velocity. Both effects are
caused by Ω deviating from Ω0, the tilting of the plane by
deviations perpendicular to Ω0, and in-plane deviations by
parallel components. Because of this additional effect, we
obtain a twofold faster decorrelation of hn2i compared to
hn1i (see Supplemental Note 2 [60]):

hn2i ¼ ðcosΩ0t; sinΩ0t; 0Þe2λt: ð7Þ
The MSD can now be obtained (see Appendix C) by first
computing it from the formal solution and inserting the
solutions obtained for hn1i and hn2i. The result is (except for
the degenerate case Ω0 ¼ 0 and α > 0)

hr2ðtÞi ¼
2cos2ðαÞð−λtþ eλt − 1Þ

λ2

þ 2sin2ðαÞ
ð4λ2 þ Ω2

0Þ2
½−4λ2 þΩ2

0 − 2λð4λ2 þ Ω2
0Þt

þ ð4λ2 − Ω2
0Þe2λt cosðΩ0tÞ þ 4λΩ0e2λt sinðΩ0tÞ�:

ð8Þ
Let us consider two limiting cases. First, for α ¼ 0,
corresponding to a particle rotating while traveling in
average on a straight line, we obtain

hr2ðtÞi ¼ −
2

λ
t −

2

λ2
ð1 − eλtÞ; ð9Þ

which recovers the case of an active Brownian particle (see
Supplemental Note 1 [60]; note λ < 0). Second, for general
α in the limit of large t, we can approximate hr2ðtÞi ≈ 6D∞t,

where we obtain the effective diffusion constant describing
the long-time behavior as

D∞ ¼ −
λ

3

�
cos2ðαÞ

λ2
þ 2sin2ðαÞ
ð4λ2 þΩ2

0Þ
�
: ð10Þ

In the case λ2 ≪ Ω2
0, meaning small noise leading to a decay

time much longer than the rotation period, and α < π=2, i.e.,
the particle not just circling, but having some average net
movement, this reduces to D∞ ≈ − cos2ðαÞ=ð3λÞ.
Lastly, with Eq. (7) we compute hxi and hyi by

integrating dhxi ¼ sinðαÞhn2ixdt, allowing us to obtain
the expectation value of the trajectory:

hrðtÞi ¼

0
BBB@

sinðαÞ e2λt½2λ cosðΩ0tÞþΩ0 sinðΩ0tÞ�−2λ
4λ2þΩ2

0

sinðαÞ e2λt½2λ sinðΩ0tÞ−Ω0 cosðΩ0tÞ�þΩ0

4λ2þΩ2
0

cosðαÞ
λ ðeλt − 1Þ

1
CCCA; ð11Þ

which is a logarithmic spiral on a radical surface,
i.e., z ∝

ffiffiffi
r

p
.

Results—The derived solutions show that increasing
rotation Ω0 stabilizes the particle against its intrinsic noise.
In Figs. 3(a) and 3(b), we plot the mean z position and the
MSD, respectively, which both increase with increasing
angular speed. In both cases, we find that the numerical
simulations [68] agree well with the analytical results;
cf. Eq. (8) and the third component of Eq. (11). The plots
show that if the particle travels on a helix [case α ¼ π=4;
cf. dashed lines in Figs. 3(a) and 3(b)] with the same speed
as a nonrotating particle traveling in a straight fashion, if it
turns sufficiently fast (i.e., if the angular velocity Ω0 is
sufficiently large), it travels further from the origin on
average at large timescales. Therefore, a helical trajectory
can be “straighter than a straight line.”
The long-time behavior is described by the effective

diffusion constant Eq. (10), which has a complicated
dependence on Ω0, k, and h through λ. In Fig. 3(c), we
see that, at constant OU potential strength k, D∞ increases
with higher angular speed Ω0, as this suppresses deviations
of the helical axis, different from what was found for chiral
active Brownian particles without the OU process [48]
(see Supplemental Note 1 [60]). This effect becomes more
pronounced for higher noise amplitude h; i.e., at higher
noise, the stabilizing effect of rotation is more pronounced.
Increasing effective diffusion by introducing rotation or,
equivalently, chirality is strikingly different from known
examples. In 2D, chirality reduces long-time diffusion by
enforcing circular turning [34,69]. Similarly, a 3D active

(a)

(c)

(b)

FIG. 3. (a) Mean distance traveled in the z direction (the initial
orientation of the helical axis) for different Ω0 at k ¼ 2, h ¼ 0.1.
Full lines show particles moving straight while turning (α ¼ 0),
dashed lines particles on helical trajectories (α ¼ π=4), which can
be seen overtaking slower turning straight particles. Colored and
black lines are theoretical and numerical, respectively, and in very
good agreement. (b) Mean squared displacement for the same
parameters as shown in (a), theoretical results from Eq. (8) in
color. (c) Effective long-time diffusion constantD∞ [cf. Eq. (10)]
as a function of noise amplitude h and angular speed Ω0. Black
lines mark contours of constant D∞.
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Brownian particle with external torque exhibits reduced
long-time diffusion [27].
We can also study the short-time behavior. Figure 4(a)

shows that, at short times, the MSD of a helix grows slower,
because it is curving back onto itself, depending on the
pitch of the helix defined by the angle α. For α ¼ π=2, the
MSD shows strong oscillations, as the mean position [see
Fig. 4(b)] describes a planar inward spiral due to the
influence of noise that diverts it from the circle of a noise-
free particle. For smaller α, the spiral gets the 3D structure
of a logarithmic spiral on a radical surface as found in
Eq. (11), with both cases showing good agreement between
the numerical and analytical results (a similar spiral was
found numerically in [47] for active Brownian particles
with torque; see Supplemental Note 1 [60]).
Finally, we can use our measured trajectories for malaria

parasites in hydrogels to extract their MSD [Fig. 5(a),
averaged from 140 trajectories] and fit it with our model

prediction of Eq. (8), similar to what has been done before
in 2D projections for choanoflagellate colonies [48]. In
general, we find good agreement. Our theory successfully
describes the first two extrema in the deviation of the MSD
from a power law [Fig. 5(b)], corresponding to the first
turn of the helix. Our theory also predicts some effects of
second and third turns visible in the MSD deviation, which
are not observable in the experimental data, most likely
because the biological population has a distribution of
helical pitches and radii such that the later turns cannot be
resolved in the average. From the fitted model parameters
(Appendix A), we can derive estimates for pitch and radius
of the helical trajectories as 13.2 and 2.8 μm, respectively,
well within the observed range [14]. We note in passing
that a phenomenological fit of the period as the period in
the MSD deviation would yield incorrect results for the
oscillation period. Trajectories simulated with the fitted
parameters [Fig. 5(c)] visually resemble the observed
trajectories from Fig. 1.
In summary, our results suggest that helical trajectories

provide an advantage for swimming or gliding microorgan-
isms with noisy force generation to effectively cover
distance more quickly than when going straight. This
result from a general stochastic theory for microorganisms
with colored noise in their internal torque generation
complements early insight about the potential evolutionary
advantages of helical motion for swimming [45,48,49].
Our results should apply also to cases of microswimmers
with large internal correlation times, like the case of
Chlamydomonas [70]. In general, it would be highly
interesting to correlate measured correlation times with
motion patterns and to interpret them in their ecological and
evolutionary contexts. In the future, our model could also
guide the design of micro- and nanobots [71,72], for
example, in medical applications where enhanced persist-
ence of motion is required [73].
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End Matter

Appendix A: Experimental details—Malaria is caused
by unicellular parasites of the genus Plasmodium.
During its complex life cycle, the sporozoite, a 10-μm-
long, crescent-shaped motile stage of the parasite, is

transmitted from a mosquito during its blood meal and
utilizes rapid gliding motility to migrate in the skin to
enter blood vessels. The experimental setup [14] consists
of a soft and porous polyacrylamide hydrogel serving as
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3D substrate mimicking the host skin. A mosquito
salivary gland infected by P. berghei sporozoites that
express a fluorescent protein in their cytoplasm was
placed on top of the gel, such that sporozoites could
invade into the gel at high numbers. 3D sporozoite
migration was observed using spinning disk confocal
microscopy, which allowed us to follow the rapid
migration of hundreds of parasites.
The microscopy results were processed by an automated

image analysis pipeline. Standard filtering and registration
approaches were combined with a custom-built deconvo-
lution and tracking pipeline to obtain 3D trajectories of
individual sporozoites.
Experimentally observed sporozoites do not move at a

constant speed, and even their average speed can vary
between different parasites by a factor of 3. For this
analysis, we resampled the trajectories by fitting a
Fourier series (similar to Ref. [74]) and assuming a constant
speed of 1 μm=s. We used 140 trajectories with lengths
between 100 and 300 μm. The fit of the MSD in Fig. 5
results in the parameters given in Table I.
To estimate the correlation timescale of the angular

velocity, we can obtain the estimated vector ΩðtÞ from
the trajectories as the Darboux vector of the Frenet frame,
which can be derived from the fitted Fourier series. While
the modulus shows a relatively noisy behavior, the direc-
tion decays on two clearly separated timescales as shown in

Fig. 7. The large timescale of τ ≈ 100 s describes the
decorrelation of the helical axis. Additionally, a second,
shorter timescale is visible, as expected from the Ornstein-
Uhlenbeck process (Gaussian white noise would lead to
decay with only a single timescale). This short timescale of
τ ¼ 20 s represents the timescale on which the axis of
rotation of the internal force generating apparatus fluctuates
during motion. It is notably smaller than the timescale 1=k
as extracted from the MSD fit, which would give the
timescale of decay for the full Ω in the OUP if n1 would be
fixed. Note, however, that the direction of angular velocity
Ω=jΩj relative to the moving center of the OUP follows a
more complicated decay law. Additionally, it is likely that
for the malaria parasite the assumed isotropy of the OUP is
not exactly true, and the magnitude of the angular velocity
fluctuates faster than the direction.

Appendix B: Moment closure of the rotational
problem—The dynamic equations for the first four
moments expanding the rotational problem [Eqs. (2)
and (3)] are

dhΩi ¼ −kðhΩi −Ω0hn1iÞdt; ðB1Þ

dhn1i ¼ hΩ × n1idt; ðB2Þ

dhΩ × n1i ¼ −khΩ × n1idtþ hΩ × ðΩ × n1Þidt; ðB3Þ

and

dhΩ × ðΩ × n1Þi ¼ −2khΩ × ðΩ × n1Þidt
þ hΩ × ðΩ × ðΩ × n1ÞÞidt
þ kΩ0hn1 × ðΩ × n1Þidt
þ h2hdΛ × ðdΛ × n1Þi:

FIG. 6. Model schematics. The translational velocity V0 is
fixed in the body frame, but the angular velocity Ω performs an
Ornstein-Uhlenbeck process (OUP) centered around the body
fixed Ω0. The body coordinates are given by the vectors n1, the
direction of the average angular velocity Ω0, and n2, chosen such
that V0 is in the plane spanned by n1, n2, with an angle of α
between V0 and n1. See also Supplemental Movies 1–3 [60].

FIG. 7. The autocorrelation of the normalized Darboux vector,
hΩð0Þ=jΩð0Þj ·ΩðtÞ=jΩðtÞji, as estimated from experimental
trajectories, displays a decay of autocorrelation with a fast
(τ ¼ 20 s) and a slow (τ ¼ 100 s) regime. The shaded area
displays the 25%–75% interquartile range, and the solid line is
the average.

TABLE I. Results for fitting the model to the MSD computed
from experimentally observed and resampled trajectories of
malaria parasites.

Parameter Ω0 α k h

Fit result 0.285 1=s 0.926 1.078 1=s 0.154 1=s3=2

PHYSICAL REVIEW LETTERS 135, 128403 (2025)

128403-8



To obtain an analytical solution, we apply moment
closure by approximating the second and third terms in
this equation. The truncation cannot be performed earlier
due to the necessity of retaining terms up to second
order in Ω to properly account for the effect of noise.
First, assuming hΩ2Ai ≈Ω2

0hAi, we get for the second
term hΩ×ðΩ×ðΩ×n1ÞÞi≈−Ω2

0hΩ×n1i. For the third
term, upon replacing Ω with Ω⊥, its component
perpendicular to n1, the relevant contribution for the
cross product, and applying similar logic as before but
with jn1j ¼ 1, we get hn1 × ðΩ × n1Þi ¼ hΩ⊥i ¼
hΩ − ðΩ · n1Þn1i ≈ hΩi −Ω0hn1i. For the last
approximation, we assumed that the variance of the OU
process is small, such that Ω stays close to its average
Ω0n1. The noise term can be explicitly computed, and we
can close the hierarchy by rewriting its fourth equation as

dhΩ × ðΩ × n1Þi
¼ −2khΩ × ðΩ × n1Þidt −Ω2

0hΩ × n1idt
þ kΩ0ðhΩi −Ω0hn1iÞdt − 2h2hn1idt: ðB4Þ

The truncation presented above breaks down forΩ0 ¼ 0,
because the equation for Ω decouples from the rest,
and hΩi is dominated by the MSD of the OUP instead
of Ω0. However, in the limit of small noise (h2 ≪ k3), the
previously derived eigenvalue [Eq. (6)] has a well-defined
limit

λjΩ0¼0 ≈ −
h2

k2
: ðB5Þ

Following through the previous derivation of Eq. (B4) for

the case of Ω0 ¼ 0 and truncating hΩ × ðΩ × ðΩ × n1ÞÞi≈
−h2=ð2kÞhΩ × n1i, using the MSD of the OUP instead of
Ω2

0, we find the same result. Therefore, even if the original
derivation is not valid, the eigenvalue as written correctly
includes the Ω0 → 0 limiting case. This is also confirmed
by the numerical simulations for the Ω0 ¼ 0 case in Fig. 3.

Appendix C: Derivation of MSD—The MSD can now
be obtained by first computing it from the formal
solution

rðtÞ ¼
Z

t

0

dtðcosðαÞn1 þ sinðαÞn2Þ; ðC1Þ

which yields

hr2ðtÞi ¼
Z

t

0

ds1

Z
t

0

ds2ðcos2ðαÞhn1ðs1Þ · n1ðs2Þi

þ sin2ðαÞhn2ðs1Þ · n2ðs2ÞiÞ; ðC2Þ

where the mixed terms vanish, as due to their
perpendicularity and the rotational symmetry the
expectation value of their scalar products has to be zero
even if evaluated at different times. The remaining
correlation functions can be directly obtained from the
solutions obtained for hn1i and hn2i as

hn1ðs1Þ · n1ðs2Þi ¼ eλjs1−s2j; ðC3Þ

hn2ðs1Þ · n2ðs2Þi ¼ cos ðΩ0js1 − s2jÞe2λjs1−s2j; ðC4Þ

such that we finally compute the MSD by simple
integration.
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