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Abstract

Traction force microscopy (TFM) is a method widely used in biophysics and
cell biology to determine forces that biological cells apply to their environment.
In the experiment, the cells adhere to a soft elastic substrate, which is then
deformed in response to cellular traction forces. The inverse problem consists
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in computing the traction stress applied by the cell from microscopy measure-
ments of the substrate deformations. In this work, we consider a linear model,
in which 3D forces are applied at a 2D interface, called 2.5D TFM, and a non-
linear pure 2D model, from which we directly obtain a linear pure 2D model.
All models lead to a linear resp. nonlinear parameter identification problem
for a boundary value problem of elasticity. We analyze the respective forward
operators and conclude with some numerical experiments for simulated and
experimental data.

Keywords: inverse problems, parameter identification, elasticity,
traction force microscopy, regularization

1. Introduction

Cells are the fundamental building blocks of all living systems. They consist of a multitude of
biomolecules that continuously interact with each other and thereby form distinct structures.
In particular, a large number of proteins are involved in building the cytoskeleton, which is a
system of different types of filaments that together give mechanical stability to cells, which
they need to move, divide and form tissue [38]. Biological systems are active in the sense that
they continuously consume energy and thus keep the system away from thermodynamic equi-
librium. This not only allows them to form structures that are not possible in equilibrium, it
also allows them to quickly adapt to changes in their environment [2, 6]. A particular point
in case are molecular motors, which are large proteins that use energy to undergo conform-
ational changes that lead to force generation. Together with other force-generating processes
like polymerization, this activity allows cells to change their shape, migrate, divide, and adhere
to surfaces and other cells. Because it is difficult to measure cell forces inside cells, it has
become a standard procedure in biophysics and cell biology to measure them at the interface
between the cells and their environment, with a procedure called traction force microscopy
(TFM) [19, 36, 53, 60, 69].

In TFM, cells are cultured on soft elastic substrates. Fiducial markers, i.e. small fluorescent
beads, are embedded in the substrate and the displacement of the substrate is calculated by
comparing observed images of themarkers first with and againwithout applied traction stresses
(compare figure 1). This imaging task of computing the displacement is of course an interesting
problem and can be solved in many different ways, e.g. using optical flow [12, 39], but is not
within the scope of this work. The inverse problem then consists in computing the traction
stresses given the displacement, which are related via the boundary value problem (BVP) of
elasticity for the substrate. Depending on the chosen material law the BVP can be linear or
nonlinear. Hence, we refer to linear or nonlinear TFM.

When cells are plated on a planar substrate coated with proteins from the extracellular mat-
rix (ECM), they spread out to increase surface contact with the substrate and to establish stable
adhesions. Thus, they tend to thin out, as a result of which the cellular forces are predominantly
in-plane. This effect is further enhanced by the fact that for adhesion to a planar substrate, the
cytoskeleton typically flows parallel to the substrate, from the periphery to the center, thus also
generating mainly tangential (and centrally directed) forces. This explains the name ‘traction
force’, i.e. the force acting tangentially on the substrate plane, similar to a car on the road.
However, in general, cellular traction forces need not be tangential, because several aspects
are leading also to forces in the perpendicular direction, including the large nucleus sticking
out into the third dimension, cortical tension pulling everywhere in the cell envelope, and the
internal organization of the adhesion sites [19, 60]. For example, cancer cells often try to invade
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Figure 1. (a) Experimental setup for TFM. Small fiducial markers (dark green) are
embedded in a soft elastic substrate (light green). The cell (blue; nucleus in dark blue)
adheres to the substrate and applies traction stresses. For 2D TFM one often only uses
and follows markers in a thin layer just underneath the substrate surface, as only tangen-
tial deformations are being considered. For 2.5D TFM the markers have to be followed
in three dimensions, because one also has to track perpendicular deformations. In prac-
tice, the substrate is much thicker than the force generating structures in the cell (about
50µm vs a few µm). The markers are typically imaged with an inverse optical micro-
scope from below. (b) Microscopy image of a cell plated on a planar substrate. (c) Image
of the corresponding deformation.

the substrate, and then sometimes use their nucleus to generate perpendicular forces onto the
substrate [34].

The output of TFM typically is a map of traction stress measured in physical units of
Pa=Nm−2. A typical value for cellular traction forces is kPa, which makes sense because
this is also the typical value of the stiffness of an ECM. Only if these two numbers are of
similar magnitude, the cell and its environment are at a reasonable mechanical balance to each
other [51]. Although from the viewpoint of elasticity theory, one measures stress and not force,
this technique is called TFM because the whole notion of this technique lies in understanding
the forces exerted by the cells on the substrate.

One of the most exciting aspects of cell mechanics research is to establish a connection
between cellular level force generation and the underlyingmolecular mechanisms. TFM serves
as a crucial tool in the field of cell mechanics providing valuable insights into how cells interact
with their environment. TFM enables the quantitative measurement of forces exerted by cells
on their surroundings, which is essential for understanding various biological processes like
cell migration, adhesion and division.

Traction force observations were first developed in 1980 by Harris et al who were the first
to culture cells on a substrate and observe the traction stresses of the cells by wrinkling and
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elastic distortion of the substrate [25, 26]. Over 10 years later Dembo et al developed the
first TFM method by finding a way to quantitatively compute the applied stresses from the
measured displacement, first for thin films [17] and then for thick ones [18]. For thick films,
they considered a linear 2D model, ignoring the normal component, and then used Green’s
functions from the analytical Boussinesq solution for the elastic halfspace, i.e. they assume
an infinite substrate with homogeneous Dirichlet boundary conditions at infinity, leading to an
ill-posed inverse problem, and solved it in real space. It is also possible to solve the inverse
problem in Fourier space without regularization [15]. Since the inverse problem is ill-posed,
noisy data can lead to severe artifacts in the reconstruction if no regularization is used [52].
Therefore, regularization was also incorporated into the Fourier space setting [46, 47]. This
method is now mostly used in practice to reconstruct traction stresses and in the following
we will refer to this approach as the ‘standard’ approach. A specific numerical realization of
this is called ‘Fourier Transform Traction Cytometry’, in short ‘FTTC’ [10]. Note, that even
if this approach is called 2D TFM, due to the use of the Boussinesq solution the model is not
purely 2D.

If the substrate cannot be modeled by a linear material law, the standard approach does not
work anymore since there exists no analytical Boussinesq solution for the underlying BVP. In
this case, finite element methods can be used, e.g. by solving a PDE-constrained optimization
problem as in Ambrosi et al [3, 4]. Michel et al have proposed a mathematical framework both
for Ambrosi’s solution approach and the standard Fourier method [41]. It is further possible to
solve the BVP of elasticity with respect to the stress σ and then directly compute the traction
stresses t by the relationship t= σn, where n is the normal vector [32, 33].

TFMcan also be formulated as a direct problem, by calculating stress directly from strain [7,
10, 21, 40]. However, high-quality and three-dimensional measurements are necessary because
the direct method includes taking derivatives of the noisymeasured data. This approach is often
used in 2.5D and 3D due to the lack of an analytical solution for the respective BVP.

Another strategy is model-based TFM, when traction forces are not reconstructed at the
substrate surface, but directly fitted against a physical model of force generation. While this
makes the results depend on the chosen model, it allows us to gain information about how the
traction stresses are distributed in the cell by incorporating modeling assumptions on the cells
[44, 57, 62, 63]. Similar to direct TFM, high quality measurements are necessary to obtain
reasonable results.

During the last three decades since its invention, TFM has matured into a large research
area, and many different experimental setups and solution strategies have been devised. To
systematize the field, it is helpful to make a few distinctions. One important distinction is
between direct and inverse approaches; while in the direct method stresses are directly calcu-
lated from strains, in the inversemethod, stresses are estimated asminimizers of the differences
between predicted and observed displacements [10]. Another helpful distinction can be made
between 2D, 2.5D, compare figure 1, and 3D TFM [53]. The 2D setting is the simplest. A cell
is placed onto a planar soft elastic substrate with marker beads and one follows their deform-
ations. By ignoring the normal component of cell forces and displacement, it is assumed that
the cell forces are just two-dimensional. 3D TFM refers to a cell completely embedded inside
a 3D matrix, e.g. hydrogel gel, with beads all around it. In principle, it is then possible to
determine three-dimensional traction forces around the whole cell. However, the imaging of
the displacement is very difficult and time-consuming in 3D. More importantly, the material
law for 3Dmaterial allowing for 3D TFM is typically very complex [58, 59] and often not even
elastic [66]. Therefore, a good compromise is 2.5D TFM. As in 2D TFM, a cell is placed on a
planar substrate as shown in figure 1. However, marker beads are not only tracked in a plane,
but in all three dimensions. In this article, we will consider both pure 2D and 2.5D TFM.
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Even though TFM is widely used in biophysics and cell biology, the mathematical literat-
ure on TFM is scarce [3, 41]. This article aims to develop a rigorous mathematical theory in
a function space setting for both linear and nonlinear TFM and to solve the inverse problem
efficiently by regularization methods. We analyze a continuous model and only discretize for
implementation, while previous approaches often discretize already the initial model. In lin-
ear/nonlinear TFM a linear/nonlinear material as a substrate and the corresponding linear/non-
linear strain tensor are used leading to a linear/nonlinear inverse problem, respectively. Most
materials are linear at small deformations, which can be ensured by using a material that is a bit
stiffer than typical traction forces. However, stiff materials typically change cell behavior, and
thus one often also uses soft materials and large deformations, which might require nonlinear
material laws.

We first solve the linear inverse problem of 2.5D TFM with a three-dimensional substrate
using a similar method as Soiné et al [56]. With our functional analytic setting, we can eas-
ily apply different standard algorithms from the theory of inverse problems. We then solve
the nonlinear inverse problem in a pure 2D setting for the substrate’s surface and a hyper-
elastic material law. Hyperelasticity is a mathematical concept as introduced in section 2.1.
One method used by a number of groups for solving nonlinear TFM is the direct method [8,
10, 21], i.e. directly computing traction forces from the measured data by numerically dif-
ferentiating the noisy data. As in the linear 2.5D case, we propose a model formulation that
can be solved in a straightforward manner using different regularization methods. From this
approach, we directly derive a solutionmethod for linear pure 2DTFMwhich is used for exper-
imental data in section 4.4. We can use this approach either for computing the traction if the
effective thickness is known or for estimating the effective thickness beyond which the hori-
zontal displacements disappear. As described above, this approach differs from the standard
approach because the use of the Boussinesq solution makes the model not purely 2D, whereas
we consider a pure 2D model.

In summary, this article provides a rigorous mathematical analysis for linear and nonlin-
ear pure 2D TFM as well as 2.5D linear TFM along with all necessary tools to solve these
inverse problems numerically in a stable way. It can be seen as a mathematical basis to
allow for nonlinear substrate materials. Real biological materials are in most cases nonlin-
ear. Polyacrylamide (PAA) which is commonly used in linear TFM is not and one would not
deliberately do an experiment with a more complicated, nonlinear material; but if a biological
material is used, e.g. protein networks, one has to deal with the nonlinearity.
Outline. In this article, we propose a TFMmodel leading to a parameter identification prob-

lem that can be solved using functional analytic tools and regularization methods from inverse
problems theory. We propose a linear 2.5D model and a nonlinear pure 2D model which auto-
matically leads to an analogous linear pure 2D model as well. The article is structured as
follows. The first part deals with the linear 2.5D model, see section 2. After presenting the
basics of elasticity theory in section 2.1, the linear mathematical model is derived and ana-
lyzed in section 2.2. In the second part (section 3), we first derive the nonlinear model in
section 3.1. Then the well-posedness of the forward operator is investigated, see section 3.2,
and the Fréchet derivative and its adjoint are computed in section 3.4. The third part, section 4,
contains various numerical experiments for both simulated and experimentally measured data.

2. Linear 2.5D TFM

If the substrate is modeled by a linear material law, the traction stress t and the displacement u
are connected by the linear displacement-traction BVP of elasticity. With a forward operator
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that maps a traction stress t to the corresponding displacement u, we can consider TFM as a
linear parameter identification problem.

2.1. Basics of elasticity

Let n ∈ {2,3}. For a deformation ϕ : Rn → Rn, we define the displacement vector u(x) :=
ϕ(x)− x. Using this definition, we can express the deformation gradient F :=∇ϕ(x) ∈ Rn×n

as

F(t,x) =∇u(x)+ I ∈ Rn×n, (1)

where I is the identity matrix. The deformation gradient is used to define a nonlinear strain
tensor, the Green–Lagrange tensor

E :=
1
2

(
F⊤F− I

)
∈ Rn×n. (2)

The Green–Lagrange tensor E is often represented as

E=
1
2

(
∇u+(∇u)⊤ +(∇u)⊤ (∇u)

)
∈ Rn×n (3)

by means of (1). For small strains ε resp. deformations, one often uses the linearized Green–
Lagrange tensor

ε :=
1
2

(
∇u+(∇u)⊤

)
∈ Rn×n, (4)

omitting the high-order term. These basic equations of elasticity can be found e.g. in [16,
chapter 1.8]. The relation between the strain tensor ε or E and the first Piola–Kirchhoff stress
tensorσ on the undeformed region is called a constitutive equation and depends on thematerial.
For simplicity we will refer to σ only as the stress tensor.

Remark 2.1 (Lagrangian vs Eulerian descriptions). Throughout this paper we use a
Lagrangian description, i.e. physical quantities are represented by functions defined on the
undeformed region and a given argument corresponds to a fixed point of the material. In
contrast, a Eulerian description, useful for many physical considerations, represents physical
quantities by functions defined on the deformed region such that a given argument corresponds
to a fixed point in space.

If the substrate material is linear elastic and isotropic, we have a linear constitutive relation
between ε and σ, given by Hooke’s law (see, e.g. [16, chapter 6.2])

σ (u) = λdiv(u) I+ 2µε ∈ Rn×n (5)

in terms of the Lamé constants λ,µ ∈ R, related to the Young modulus Ẽ and the Poisson ratio
ν via

µ=
Ẽ

2(1+ ν)
> 0, λ=

Ẽν
(1+ ν)(1− 2ν)

, (6)

see [16, chapter 3.8]. The first Lamé parameter λ is positive for a positive Poisson ratio ν < 1
2 .

Here, we only consider this case.
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Figure 2. Substrate Ω with boundary ∂Ω= ΓT ∪ΓT0 ∪ΓD and outer normal vectors n.

A material is called hyperelastic if there exists a function W(F), called the stored energy
function, such that

σ (x,F) =
∂W
∂F

(x,F) , (7)

see, e.g. [70, chapter 61.6] or [16, chapter 4]). Hyperelastic constitutive equations model non-
linear material behavior as well as large shape changes. Examples of constitutive equations
and their physical background can be found in [13, chapter 3.5] or, with a stronger emphasis
on mathematics, in [11]. More details about elasticity and all the above equations can be found,
e.g. in [16, 30] or [70, chapter 61/62].

2.2. A mathematical model of linear 2.5D TFM

Consider a non-deformed region ∅ 6=Ω⊂ R3 which is bounded, open and connected with a
smooth boundary ∂Ω ∈ C0,1 and ∂Ω= ΓD ∪ΓT∗ for disjoint, relatively open subsetsΓD,ΓT∗ ⊂
∂Ω and ΓD 6= ∅. In the case of TFM the region of interest is part of the substrate which is
assumed to be a cuboid, see figures 1 and 2. The bottom surface of the cuboid is called ΓD, the
side surface ΓT0 and the top surface ΓT with ΓT∗ = ΓT ∪ΓT0 .

The balance of internal and body forces is expressed as −div σ = f in Ω where the forces
f acting on the whole substrate, e.g. gravity, are neglected in the context of TFM. Therefore,
we assume in the following f = 0.

The traction stresses that the cell exerts onto the substrate can be modeled as surface forces
acting on the boundary of the substrate by σn= t on ΓT∗ where n is the outer normal vector,
see figure 2. Since the cell applies forces only to the upper surface ΓT, we have t= 0 on the side
surface ΓT0 . Therefore, we will consider the traction stress t only as a function on the upper
surface ΓT in the following. Furthermore, the displacement on the lower surface ΓD is zero
because the substrate is fixed to the glass. Altogether, given traction stresses t ∈ L2(ΓT,R3)we
obtain the mixed BVP of elasticity:

−div σ (u) = 0 in Ω

σ (u)n= t on ΓT
σ (u)n= 0 on ΓT0
u= 0 on ΓD,

(8)

where σ(u) is given by Hooke’s law (5). Next we derive a weak formulation in the space

H1
0,ΓD

(
Ω,R3

)
:=
{
u ∈ H1

(
Ω,R3

)
: u|ΓD = 0

}
with ‖v‖H1

0,ΓD
(Ω,R3) := ‖∇v‖L2(Ω,R3) .
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It follows from Tartar’s equivalence lemma [64] that ‖ · ‖H1
0,ΓD

is a Hilbert norm equivalent

to the standard H1-norm.
The weak formulation of problem (8) is given by

find u ∈ H1
0,ΓD

(
Ω,R3

)
s.t. a(u,v) = lt (v) for all v ∈ H1

0,ΓD

(
Ω,R3

)
(9)

with the bilinear form a and the linear form lt defined by

a(u,v) :=
ˆ
Ω

2µε(u) : ε(v)+λdiv(u)div(v)dx, lt (v) :=
ˆ
ΓT

tvds .

Here (M :M) := |M|2F =
∑n

i,j=1M
2
ij for matricesM ∈ Rn×n is the Frobenius inner product with

corresponding Frobenius norm |·|F.
It follows from a standard application of the Lax–Milgram lemma and Korn’s inequality

that the parameter-to-state-map of linear TFM

A : L2
(
ΓT,R3

)
→ H1

0,ΓD

(
Ω,R3

)
, t 7→ u, (10)

which is defined by (9), is well-posed, linear, and bounded. The inverse problem consists in
recovering the traction stresses t from a given displacement u.

Remark 2.2. The forward operator of linear TFM is given by the composition of the embed-
ding to L2 and parameter-to-state-map since we can only measure the L2-error and norm of the
measured displacement. All in all we get a forward operator

Â : L2
(
ΓT,R3

)
→ H1

0,ΓD

(
Ω,R3

)
↪→ L2

(
Ω,R3

)
, t 7→ u.

We need to compute the adjoint operator to use regularization algorithms, e.g. in the normal
equations, see equation (34).

Lemma 2.3. The adjoint operator Â∗ : L2(Ω,R3)→ L2(ΓT,R3) is given by

Â∗w= trφ

where the function φ solves

a(φ,v) = 〈w,v〉L2(Ω,R3) ∀v ∈ H1
0,ΓD

(
Ω,R3

)
(11)

and trφ denotes its trace on ΓT.

Proof. Let a traction stress t ∈ L2(ΓT,R3) be arbitrary and define u := Ât. Then we obtain

〈Ât,w〉L2(Ω,R3) = 〈u,w〉L2(Ω,R3) = a(φ,u) = a(u,φ)

= 〈t, trφ〉L2(ΓT,R3) = 〈t, Â∗w〉L2(ΓT,R3).

It remains to show that (11) has a unique solution, which can be done again by Lax–Milgram
since the bilinear form a is continuous and coercive and the linear form l∗w(v) := 〈w,v〉L2(Ω,R3)

is continuous.
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Figure 3. Change of TFM setting from 3D to 2D substrate.

3. Nonlinear pure 2D TFM

The linear model works well for small strains and linear materials. If we have larger strains
we cannot assume anymore that the nonlinear part (∇u)⊤∇u in (3) is small and neglect it.
Therefore, we use the Green–Lagrange strain tensor (2) instead of the linearized strain tensor.
Furthermore, if a nonlinear material is used, we need to find a suitable constitutive equation
as a material law that describes the stress σ(u).

These changes lead to a nonlinear PDE and thus to a nonlinear inverse problem.

3.1. Mathematical 2D model and inverse problem for a nonlinear material

In the nonlinear case, we consider a pure two-dimensional model, i.e. we only describe the
surface of the substrate to which the cell adheres (see figure 3). For a deformation ϕ : R2 →
R2, we define, as before in section 2.1, the displacement vector u(x) = ϕ(x)− x, the Green–
Lagrange strain tensor E= 1

2

(
∇u+(∇u)⊤ +(∇u)⊤∇u

)
and the stress tensor σ(u) given by

a suitable material law to be specified later in section 3.3.
If the undeformed region can be modeled by a bounded, open, and connected domain Ω⊂

R2 with a Lipschitz continuous boundary ∂Ω, the problem of TFM can be described by the
BVP {

−div(σ (u))= T := t
h in Ω

u = 0 on ∂Ω
(12)

for traction stresses t with zero boundary conditions, effective thickness h, and the force dens-
ity T. The effective thickness h is the thickness beyond which the horizontal displacements
disappear [41]. The stress σ as described in (7) is the derivative of the material-dependent
stored energy W(F), the focus of the upcoming sections. The first equation in (12) is called
the thickness-averaged condition for stress equilibrium [17, 35, 41]. We can use this approach
either for computing the quantitative traction if the effective thickness is known or for estimat-
ing the effective thickness. Without knowing the effective thickness, we still get a qualitative
result for the traction since h is only a multiplicative factor.

In the linear case, we considered the mixed BVP of elasticity with traction and displacement
boundary conditions in 3D. If we change the model to the two-dimensional case, we neglect
that the substrate is three-dimensional and only consider the upper surface of the substrate as
our domain with the thickness-averaged condition for stress equilibrium [17]. This model has
been used in, e.g. [17, 41]. However the standard model assumes an infinitely large halfspace
leading to a model that is not purely nonlinear, see, e.g. [18, 53].

By consequence, in the 2D case here, the old upper surface ΓT now corresponds to the entire
new domain Ω, see figure 3.

9
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Due to this change in the mathematical setup, the traction stresses t at the surface of the
three-dimensional substrate in the 2.5D case as in (8) become part of the volume force density
in the 2D case as in (12), see [17]. This leads to a displacement BVP in 2D which is easier
to solve in the nonlinear case than the mixed BVP. To get a well-defined problem we need to
add boundary conditions. Therefore, we assume that the substrate is larger than the support of
the traction stresses, such that displacement at the boundary is negligible and we may assume
zero Dirichlet boundary conditions. This assumption reflects the experimental situation well
and holds, e.g. for sparsely seeded fibroblast cells that do not form connections to neighboring
cells, see, e.g. figure 8, where the displacement is very small on the boundary.

Remark 3.1 (boundary conditions). Even though the Dirichlet boundary conditions are not
often seen in the physical description of the model, it is an implicit assumption that often holds
in TFM experiments; see figure 8(a). Indeed, many cells are placed on the same substrate and
for the measurements only the displacement of some cells is measured. With a typical gel
thickness of 40–50µm and an inter-cell distance of approximately 100µm, we can assume
that neighboring cells do not interact with each other.

We can formulate the parameter-to-state-map of nonlinear TFM similarly as in the linear
case as the map

S : X→ Y, T 7→ u (13)

where the displacement u is the solution to the BVP (12). The Banach spaces X and Y are
determined later in remark 3.8 using the existence and uniqueness results. With the specifica-
tion of the forward operator S and the spaces X and Y, one can use any regularization method
to solve nonlinear inverse problems. In contrast to the 2.5D case, where the operator A in (10)
maps a traction stress t to a displacement u, in the 2D case the operator S maps a force density
T to a displacement u. However, it is easy to convert traction stress t to force density T and
vice versa by

T=
t
h
. (14)

Remark 3.2 (weak form of 2D linear TFM). It is straight forward to see that if we consider
Hooke’s law as the constitutive equation with the linearized strain tensor, we get a linear prob-
lem with weak formulation

find u ∈ H1
0

(
Ω,R2

)
s.t. a(u,v) = 〈t,v〉L2(Ω,R2) for all v ∈ H1

0

(
Ω,R2

)
(15)

similar to the 2.5D linear case (9), except that the force t now applies to the whole body Ω.

3.2. Well-posedness of the forward operator

To get a well-defined forward operator S, the BVP (12) needs to be solvable and the solution
has to be locally unique. Unlike in the linear case in section 2, where a global unique existence
result can be found easily in the literature, the problem of unique existence is more complicated
in the nonlinear case.

In the following we will first show the existence of a solution via the minimization of energy
in 3.2.1, then state a local uniqueness result via the Implicit Function theorem in 3.2.2 under
additional regularity conditions and finally argue for a suitable choice of the Banach spaces X
and Y in (13).

10
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Similar tools have been used in [54, 68]. However, in contrast they considered elastody-
namics, i.e. they obtain a time-dependent problem for the hyperelastic wave equation. In TFM
the mass of the cell is too small, which is why we obtain a static problem and use the equations
of elastostatics.

3.2.1. Existence of a solution via minimization of the energy. In 1976 John Ball proved the
existence of a solution for general BVPs of elasticity in 1D, 2D, and 3D for nonlinear elasticity
[5]. To use his results directly many conditions on the used functions must be fulfilled. He also
gives a proof for the mixed BVP in 3D. Similar proofs can be found, e.g. in [16, chapter 7]
or [70, section 62.13]. However we are interested in the displacement BVP in 2D. Having
only Dirichlet boundary conditions is a subcase of the mixed BVP, but to get the result in
2D suitable adaptions to the proof are necessary. The main difference lies in the definition of
polyconvexity and coercivity of the stored energy function, see equation (7), depending on the
dimension n of the deformation gradient F ∈ Rn×n.

Definition 3.3 (polyconvexity). A stored energy function W is called polyconvex if there
exists a convex function P such that

W(F) = P(F,detF) if n= 2,

W(F) = P(F,adjF,detF) if n= 3.

For n= 3 we need the adjugate matrix defined by adjF= detF ·F−1.

Definition 3.4 (coercivity). A polyconvex stored energy function W in R2×2 is called
coercive if

W(F) = P(F,detF)⩾ C(|F|pF + |detF|s)+D

holds for the convex function P from definition 3.3 for p⩾ 2, s> 1, C> 0 and D ∈ R.

In the 3D case the deformation gradient F and its determinant and adjugate, detF and adjF,
describe the deformation of line, surface, and volume elements. Furthermore, in the 2D case,
it holds |adjF|F = |F|F. Therefore, in the 2D case the adjugate, adjF, is not needed.

The next theorem ensures the existence of a solution for general polyconvex and coercive
stored energy functions.

Theorem 3.5 (existence in 2D for the displacement BVP). Let W be a polyconvex and coer-
cive stored energy function such that

lim
detF→0

P(F,detF) =∞ (16)

for the convex function P :M2 × (0,∞)→ R from definition 3.3with p and s as in definition 3.4
and the space of matricesM2 := {M ∈ R2×2}.
Let the force density T ∈ Lp(Ω,R2) and a finite reference deformation u0 ∈ V be given with

V :=
{
u ∈W1,p

(
Ω,R2

)
| det(I+∇u) ∈ Ls

(
Ω,R2

)
,det(I+∇u)> 0 a.e. in Ω

}
. (17)

Then for

G(u) =
ˆ
Ω

W(F)dx−
ˆ
Ω

Tudx=
ˆ
Ω

W(I+∇u(x))dx−
ˆ
Ω

Tudx (18)

11
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the problem

G(u) =min!, u ∈ U :=
{
u ∈ V

∣∣ u|∂Ω = u0|∂Ω
}

(19)

has at least one solution if G(u0)<∞.

Proof. We use the direct method to prove the theorem and follow the proof of the 3D case from
[70, chapter 62.13] and [16, theorem 7.7–1] with suitable adaptions for 2D, mainly regarding
coercivity and polyconvexity.

The main idea is to define a minimizing sequence of the energy G in (18). This sequence
is then bounded (step ii) by the coercivity of the stored energy function and thus it converges
to an element u∗ (steps iii). Due to the polyconvexity, the energy is sequentially weakly lower
semi-continuous which yields G(u∗)⩽ infu∈UG(u) (step iv). The element u∗ also belongs to
the set U due to (16) (step v). The detailed proof can be found in appendix A.

3.2.2. Local uniqueness of the solution via the implicit function theorem. The proof of
uniqueness via the Implicit Function Theorem is based on the Banach algebra property of
the spaces Wm,p(Ω,R2), i.e. the fact that the product of two functions of the space lies again
in the space with a corresponding norm bound, which only holds true for mp> n, where n= 2
is the space dimension, see, e.g. theorem 6.1–4 from [16].

In the proof a known admissible solution in the spaceWm,p(Ω,R2) is locally uniquely con-
tinued. We call a deformation state u admissible if the linearization of the original equation in
u yields a linear strongly elliptic system with a unique solution, see [70, chapter 61.12]. Then
in a small neighborhood of an admissible solution and the associated traction stress the BVP
of nonlinear elasticity (12) has a unique solution.

A key ingredient to prove this statement is the Sobolev embeddingW1,p(Ω,R2) ↪→ C0(Ω∪
∂Ω,R2) for p> 2, see e.g. [16, theorem 6.1–3]. Thus, in analogy to the 3D-case in [16, theorem
6.7–1], [70, theorem 61.F] or [67, chapter IV], we obtain the following result.

Theorem 3.6 (existence and uniqueness). Let Ω⊂ R2 be a domain with boundary ∂Ω of
class C2 and let the stored energy function be C∞. If we know an admissible solution ū ∈
W2,p(Ω)∩W1,p

0 (Ω) for p> 2 with respective force density T̄, then there exist neighborhoods

V(ū) ∈W2,p (Ω)∩W1,p
0 (Ω) , W(T̄) ∈ Lp (Ω)

such that for each T ∈W, the BVP−div(σ(u)) = T has exactly one solution u ∈ V. Moreover,
the linearized operator W2,p(Ω)→ Lp(Ω), h 7→ −div(σ ′(u)h) is bounded and boundedly
invertible.

It can be shown that no deformation state u ∈W1,p(Ω,R2) can be admissible [67, chapter
4]. Since the existence result from theorem 3.5 just gives a solution in the space W1,p(Ω,R2),
the regularity of this solution has to be improved to be continued uniquely as it is required in
the uniqueness proof. This might be done in a similar manner as described in [42].

3.3. Finding a suitable material law

Next, we need to find a suitable material law describing the stress σ(u). As we saw in the pre-
vious section 3.2, it is important for the existence of a solution that the stored energy function
W(F) of the material law be polyconvex. Unfortunately the Neo-Hookean law typically used
for nonlinear TFM [48, 53, 65] is not polyconvex [61] and thus we cannot guarantee that a

12
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solution to the respective BVP exists. For this reason, we pick a different material law from
the family of polyconvex Ogden materials.

To ensure local existence and uniqueness, the stored energy function of a homogeneous,
isotropic, hyperelastic (7) material should agree with the expansion

W(F) =
λ

2
(trE)2 +µ tr

(
E2
)
+ o
(
‖E‖2

)
, E=

1
2

(
F⊤F− I

)
, (20)

with the Lamé parameters λ and µ, see (6), if it is rewritten in terms of the Green–Lagrange
tensor E near a natural state, i.e. an unstressed state in which all body forces vanish. When
deriving rules for the equations of elasticity, it can be shown that a constitutive equation of an
isotropic, homogeneous material whose reference configuration is a natural state has to fulfill
the expansion σ(u) = F(λ(trE(u))I+ 2µE(u)+ o(E)) near a natural state with the Green–
Lagrange tensor E(u) as in (3). By using the relation (7) between the constitutive equation and
the stored energy function and postulating further differentiability assumptions, the expan-
sion (20) follows. Further details and a physical intuition can be found in chapter 4.5 of [16].

Adapting theorem 4.10–2 from [16] to the two-dimensional case we get the following result.

Theorem 3.7 (Constitutive equation). Let λ,µ > 0 be the given Lamé constants. Then the
stored energy function

W(F) :=
µ

2
|F|2F +

λ

4
(detF)2 −

(
µ+

λ

2

)
ln(detF)− 3µ

2
− λ

4
(21)

is polyconvex and satisfies the expansion

W(F) =
λ

2
(trE)2 +µ trE2 +O

(
|E|3F

)
. (22)

Furthermore, it satisfies the coercivity inequality

W(F)⩾ C
(
|F|2F +(detF)2

)
+D (23)

for constants C> 0, D ∈ R, if the Lamé constants fulfill the condition

λ >
2µ
e− 1

. (24)

with Euler’s number e.

Proof. We write the stored energy function (21) in the general form

W(F) = a|F|2F +Γ(detF)+ b (25)

with a function Γ of the form Γ(δ) = cδ2 − d lnδ and constants a,c,d> 0, b ∈ R. Then we
determine the constants a,b,c,d such that the stored energy function W fulfills the condi-
tions (22) and (23) as well as polyconvexity:

(i) We prove the following equations for two-dimensional matrices by simple calculations
using the big O-notation:

I+ 2E= F⊤F

13
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detF⊤F= det(I+ 2E) = 1+ 2(trE)2 − 2tr
(
E2
)
+ 2trE+O

(
|E|3F

)
Γ(detF) = Γ

((
detF⊤F

) 1
2

)
(∗)
= Γ

(
1+ trE+

1
2
(trE)2 − trE2 +O

(
|E|3F

))
(∗∗)
= Γ(1)+Γ ′ (1)

[
trE+

1
2
(trE)2 − trE2

]
+

1
2
Γ ′ ′ (1)(trE)2 +O

(
|E|3F

)
.

Equality (∗) holds due to the equality(
1+ trE+

1
2
(trE)2 − trE2 +O

(
|E|3F

))2

=
(
detF⊤F

)
and we get equality (∗∗) by applying the Taylor expansion to the function Γ. Now we
simply compare the expansion (22) with the general form of the stored energy func-
tion (25). By using the derived equations for |F|2F and Γ(detF) we arrive at the system
of equations

3a+Γ(1)+ b= 0,

2a+Γ ′ (1) = 0,

Γ ′ (1)+Γ ′ ′ (1) = λ,

−Γ ′ (1) = µ.

The expressions Γ ′(1) and Γ ′ ′(1) are uniquely determined by these equations. Finally
combining these equations with Γ(1) = c, Γ ′(1) = 2c− d, and Γ ′ ′(1) = 2c+ d yields

a=
µ

2
, c=

λ

4
, d= µ+

λ

2
, b=−3µ

2
− λ

4

and we arrive at (25).
(ii) From the definition of the deformation gradient F=∇ϕ + I with the deformation ϕ, we

get the condition detF> 0 due to mass conservation and (25) is well-defined.

For coercivity we need an estimate of the form cx2 − d ln(x)⩾ Bx2, or equivalently

x2 ⩾ d
c−B

ln(x) (26)

for a positive constantB> 0 and x= detF> 0. According to x2 ⩾ 2e ln(x)with Euler’s number
e, the constant B has to fulfill 0< B⩽ c− d

2e . This is possible, i.e. c−
d
2e > 0, if the Lamé

constants fulfill the relation

λ >
2µ
e− 1

> 1.16µ.

Using equation (26) we get coercivity by

a|F|2F + c(detF)2 − d ln(detF)+ b⩾a|F|2F +B(detF)2 + b

⩾min(a,B)
(
|F|2F +(detF)2

)
+ b.

Since the squared norm (see, e.g. [27]) and the function x 7→ cx2 − d ln(x) (second derivative
is positive) are convex on the interval (0,∞) and the sum of convex functions is again convex,
the stored energy (25) is polyconvex.

14
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In TFM the condition (24) for the Lamé parameters is not a problem. For a standard choice
with a Poisson ratio ν= 0.45 and a Young’s modulus Ẽ= 10000Pa, see [53], we get Lamé
constants λ≈ 31034Pa and µ= 3448Pa which clearly fulfill condition (24). Now, that we
have fixed a stored energy function W determining the material law, we need to compute the
constitutive equation determining the stress σ(u). The stored energy functionW and the stress
σ are related via σ = ∂W

∂F , see (7).
Using the matrix derivation rule for the determinant ∂ detX

∂X = det(X)X−⊤, see, e.g. [45], and
the chain rule on the stored energy function W(F) in (21) we then get

σ (u) = µF+
λ

2
(detF)2F−⊤ −

(
µ+

λ

2

)
F−⊤ (27)

where we use the notation F−⊤ =
(
F−1

)⊤
.

Remark 3.8 (function space setting). The stored energy function from theorem 3.7 for p=
s> 2 and the boundary conditions u0 = 0 fulfills the conditions of theorem 3.5 for the exist-
ence of a solution and of theorem 3.6 for the uniqueness of this solution. This means that the
minimization problem (19) has at least one solution u ∈W2,p(Ω,R2)∩W1,p

0 (Ω,R2) for a force
density T ∈ Lp(Ω,R2). Thenwe can chooseX= Lp(Ω,R2) and Y=W2,p(Ω,R2)∩W1,p

0 (Ω,R2)
in the formulation of the parameter-to-state-map (13).

We may incorporate further prior information into the space X: e.g., we may include van-
ishing forces on the boundary ∂Ω, and higher regularity by choosing X= H1

0(Ω,R2), equipped
with the norm ‖v‖X := ‖∇v‖L2 (see [37, chapter 13.2] for the norm property). By choosing the
space X= H1

0(Ω,R2) ↪→ Lp(Ω,R2) we can also remain in a Hilbert space setting.
As in the linear case in remark 2.2 the forward operator is the composition of the parameter-

to-state-map and the embedding to L2(Ω,R2). Then we get the forward operator of nonlinear
2D TFM by

Ŝ : H1
0

(
Ω,R2

)
↪→ Lp

(
Ω,R2

)
→W2,p

(
Ω,R2

)
∩W1,p

0

(
Ω,R2

)
↪→ L2

(
Ω,R2

)
, T 7→ u.

The embeddings hold due to the Rellich–Kondrachov embedding theorem, see (38) in the
appendix. Note that it is sufficient to consider the embedding X= Hk

0(Ω,R2) ↪→ Lp(Ω,R2) for
k⩾ 1− 2

p .

3.4. The Fréchet derivative and its adjoint

Since the operator S is nonlinear, we need to compute the Fréchet derivative of S and its
adjoint, the main ingredients for solving the inverse problem with regularization algorithms as
described in section 4.3.

Theorem 3.9 (Fréchet derivative). The Fréchet derivative of the operator S that maps a given
force density T to the displacement u in the function space setting from remark 3.8 is well-
defined and given by S ′(T)ξ =: v, where the function v solves

−µdiv(∇v)−
(
µ+ λ

2

)
div

(
F−⊤ (∇v)⊤F−⊤

)
−λ

2 div
(
2(detF)2 tr

(
F−1∇v

)
F−⊤ − (detF)2F−⊤ (∇v)⊤F−⊤

)
= ξ in Ω

v= 0 on ∂Ω

(28)

with the deformation gradient F= I+∇u and u= S(T) solves the original problem (12).
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Proof. With theorem 3.6 the Fréchet derivative exists and can be calculated using the Implicit
Function Theorem. For this, we define the mapping e :W2,p(Ω)∩W1,p

0 (Ω)×Lp(Ω)→ Lp(Ω)
by

e(u,T) =−div(σ (u))−T.

Then the condition e(S(T),T) = 0 and the Implicit Function Theorem give us that the derivative
of the operator S is locally given by

S ′ (T)ξ =−∂e
∂u

(S(T) ,T)−1 ◦ ∂e
∂T

(S(T) ,T)ξ . (29)

This is equivalent to the linearized problem

∂e
∂u

(S(T) ,T) [S ′ (T)ξ] =− ∂e
∂T

(S(T) ,T)ξ.

Now we can compute the partial derivatives of the mapping e

∂e
∂T

(S(T) ,T)ξ =−ξ,
∂e
∂u

(S(T) ,T)v= ϕ ′ (s) |s=0

with

ϕ(s) =−div(σ (u+ sv))−T=

(
µ+

λ

2

)
div
(
(I+∇u+ s∇v)−⊤

)
−µdiv(∇u+ s∇v)− λ

2
div
(
det(I+∇u+ s∇v)2 (I+∇u+ s∇v)−⊤

)
for u= S(T). By using the chain rule and matrix differentiation rules, see e.g. [45], we
arrive at

ϕ ′ (0) =−λ

2
div
(
2det(F)2 tr

(
F−1∇v

)
F−⊤ − det(F)2F−⊤ (∇v)⊤F−⊤

)
−µdiv(∇v)−

(
µ+

λ

2

)
div
(
F−⊤ (∇v)⊤F−⊤

)
.

Theorem 3.10. The Fréchet derivative S ′(T) is self-adjoint in L2(Ω) for all T.

Proof. To compute the adjoint operator we use the expression for the Fréchet derivative that
we get from the Implicit Function theorem (29). Then its adjoint is given by

(S ′ (T))
∗
g=−

(
∂e
∂T

(S(T) ,T)

)∗
((

∂e
∂u

(S(T) ,T)

)−1
)∗

g

and can be calculated via

(S ′ (T))
∗
g=−

(
∂e
∂T

(S(T) ,T)

)∗

w (30)

where the function w solves
(
∂e
∂u (S(T),T)

)∗
w= g. Now we compute the adjoint operator(

∂e
∂u (S(T),T)

)∗
by applying partial integration, using the boundary conditions v,w= 0 on ∂Ω

and the equality A : B= tr(A⊤B). We have
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∂e
∂u

(S(T) ,T)v,w

⟩
L2(Ω)

=

ˆ
Ω

−µdiv(∇v)w−
(
µ+

λ

2

)
div

(
F−⊤ (∇v)⊤F−⊤

)
w

− λ

2
div

(
2(detF)2 tr

(
F−1∇v

)
F−⊤ − (detF)2F−⊤ (∇v)⊤F−⊤

)
wdx

=

ˆ
Ω

(
µ∇v :∇w+

(
µ+

λ

2
− λ

2
(detF)2

)(
F−⊤ (∇v)⊤F−⊤

)
:∇w

+λ(detF)2
(
F−⊤ :∇v

)(
F−⊤ :∇w

))
dx .

Since the trace is invariant under circular shifts, we get(
F−⊤ (∇v)⊤F−⊤

)
:∇w= tr

(
F−1 (∇v)F−1 (∇w)

)
= tr

(
(∇v)F−1 (∇w)F−1

)
=∇v :

(
F−⊤ (∇w)⊤F−⊤

)
,

and by a partial integration analogous to the one above we see that〈
∂e
∂u

(S(T) ,T)v,w

〉
L2(Ω)

=

〈
v,
∂e
∂u

(S(T) ,T)w

〉
L2(Ω)

,

i.e. the operator ∂e
∂u (S(T),T) is self-adjoint.

Since the operator ∂e
∂T (S(T),T) only changes the sign of its argument, i.e. ∂e

∂T (S(T),T)v=
−v, it is self-adjoint and, with equation (30), we obtain

S ′ (T)∗ =− ∂e
∂T

(S(T) ,T)

(
∂e
∂u

(S(T) ,T)

)−1

=−
(
∂e
∂u

(S(T) ,T)

)−1
∂e
∂T

(S(T) ,T) = S ′ (T) ,

i.e. the Fréchet derivative S ′(T) is self-adjoint.

Remark 3.11 (weak form of adjoint). Since the Fréchet derivative is self-adjoint, the weak
formulation of its adjoint is given by the weak formulation of (28)

〈ξ ,w〉L2(Ω) =

(
µ+

λ

2
− λ

2
(detF)2

)〈
F−⊤ (∇u)⊤F−⊤,∇w

〉
L2(Ω)

+λ(detF)2 〈∇u,F−⊤〉L2(Ω)〈∇w,F−⊤〉L2(Ω) +µ〈∇u,∇w〉L2(Ω)

for ξ ∈ Lp(Ω,R2) and u,w ∈W2,p(Ω,R2)∩W1,p
0 (Ω,R2).

Remark 3.12. As pointed out in remark 3.8, we will consider a forward operator Ŝ defined
on H1

0(Ω,R2), equipped with the norm ‖T‖H1
0
:= ‖∇T‖L2 . Then Ŝ ′(T) = S ′(T) ◦ j with the

operator S ′(T) defined on L2(Ω,R2) from theorem 3.9 and the embedding j : H1
0(Ω,R2 ↪→

L2(Ω,R2). Then we have S̃ ′[T]∗ = j∗ ◦ S ′(T)∗ = j∗ ◦ S ′(T). A straightforward computation
shows that j∗ : L2(Ω,R2)→ H1

0(Ω,R2) is given by j∗ = (−∆)−1 with the vector Dirichlet
Laplacian∆.

4. Numerical results

In this section we test our developed methods for simulated and experimental data.

Software: For all reconstructions we use the inverse problems python library ‘RegPy’ [28], an
in-house software specializing in regularized inversion methods. Further details can be found
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on Git https://github.com/regpy/regpy. The input to RegPy is the forward operator which is
either linear (8) or nonlinear (12) and its adjoint in the linear (11) or the adjoint of the deriv-
ative, see theorem 3.9, in the nonlinear case. Evaluating the forward operator means solving a
BVP. To this end, we use third order finite elements on an unstructured mesh from the finite
element python library NGSolve [50], a python library, alternative to FEniCS. See details on
the homepage https://ngsolve.org/. The TFM codes use an existing interface between NGSolve
and RegPy to implement the following numerical experiments and can be found on GROdata
[49] at https://doi.org/10.25625/IBWTPH.

Data simulation:We generate the simulated noise-free data by applying the forward operators
to a synthetic traction stress. To prevent committing an inverse crime, we add Gaussian noise
with mean 0 and standard deviation 1 scaled by different factors and use a different FEMmesh
for reconstruction. Some basic examples of inverse crimes and how to avoid them can be found
in [43, chapter II]. We use Gaussian noise in accordance with the experiment, see [10, 46].

The relative noise level (in %) is calculated by

rel. noise level=
‖noise‖L2(Ω)

‖exact data‖L2(Ω)

· 100. (31)

For real data the estimation of the noise level is described in section 4.4.

Function space setting: The data space is always Y= L2. In the linear case, we chose the
parameter space X= L2 as described in remark 2.2. For the nonlinear case we consider both
X= L2 and X= H1

0. More details follow in section 4.3.

4.1. Simulated traction stresses

We test the reconstruction algorithms for two different force fields on a substrate with Young’s
modulus Ẽ= 10kPa and Poisson ratio ν= 0.45 which are similar to experimental data. The
first force field t1 is a symmetric ring that pulls towards the middle, see figure 4. It is
defined by

t1 (x) =

a · e
−1

1−(x21+x22) (−x1,−x2,0)⊤ , |x|⩽ 1

0, else
(32)

where the constant a determines the magnitude of the force. We choose a= 1000 Pa. The force
is embedded in a substrate of size [−2,2]µm× [−2,2]µm in both the 2.5D and 2D case. In
the 2.5D case the height of the substrate is 0.6µm.

The second force is a more realistic simplification of a cell force. It consists of four force
spots embedded in a substrate of size [−2.5,2.5]µm× [−2.5,2.5]µm with height 0.6µm in
the 2.5D case and a substrate of size [−3,3]µm× [−3,3]µm in the 2D case, see figure 5, and
is defined by
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Figure 4. 2.5D linear TFM: simulated traction force via (32). The color code shows the
magnitude of the traction stress (force per area), which is physically measured in Pa.

Figure 5. 2.5D linear TFM: simulated traction force as in (33).

t2 (x) =
4∑

i=1

10Pa · e
−1

1−|x−yi |2
(
di1,d

i
2,0

)⊤
, |x− yi | ⩽ 1, with

i yi1 yi2 di1 di2
1 −0.6 −0.2 1 −0.4

2 0.3 0.2 −1 0.4

3 0.6 −0.8 −0.2 1

4 −0.4 1.2 0.2 −1

(33)

4.2. Linear 2.5D model

Forward solver: For the forward problem we use NGSolve to find the solution of the linear
BVP (8) in its weak form (9). Recall that in the 2.5D model, the traction force applies to the
upper surface ΓT. The weak solution is approximated by third order finite elements.

Inverse solver: To reconstruct the forces from noisy displacement data uδ satisfying a noise
bound ‖u− uδ‖L2 ⩽ δ, we use the conjugate gradient method applied to the normal equations
(CGNE). This is a fast iterative scheme which is regularized by early stopping and can be used
for solving linear operator Equations in Hilbert spaces. It consists in applying the standard CG
method to the normal equation

Â∗Ât= Â∗uδ (34)

in Hilbert spaces, where the adjoint operator Â∗ is the solution map in the weak form (11).
As a stopping criterion we use the discrepancy principle with the L2-norm, i.e. we stop the
iteration at the first iteration k= kDP(δ,uδ) for which
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Table 1. Reconstruction error, noise level, run time, number of CGNE iterations and
degrees of freedom of the finite element space for both forces.

L2-error Noise level Run time Iterations Ndof

Force field (32) 16.04% 5% 19.29 s 78 15 552
Force field (33) 29.7% 10.9% 3.77 s 9 8589

‖Âtk− uδ‖L2 ⩽ τδ (35)

holds true with a constant τ > 1; in the following we choose τ = 1.15. It can be shown (see [24,
Thm. 3.12]) that CGNE combined with the discrepancy principle has a regularizing property,
i.e. the reconstruction error ‖ukDP(δ,uδ) − u‖ for the deterministic noise model ‖u− uδ‖L2 ⩽ δ
tends to 0 as the noise level δ tends to 0. For analogous partial results with stochastic noise
models we refer to [9, 31].

Reconstruction results: The reconstruction and error are displayed in figures 4 and 5. In
table 1 we see that we get good reconstructions for both forces even with a higher noise level.
The run time for the force field (33) is higher than for the force field (32) due to a larger finite
element matrix (degrees of freedom), even though the iteration is stopped earlier resulting from
a higher noise level.

4.3. Nonlinear pure 2D model

Forward solver: To numerically evaluate the nonlinear forward mapping, NGSolve solves the
nonlinear minimization problem (21) by Newton’s method. In particular, it finds a minimizer
of the stored energy (21) using Newton’s method, involving automatic differentiation for resid-
ual and tangential stiffness in each of the Newton update steps (see tutorial on elasticity https://
ngsolve.org/). We observe a stable solution after 10 iterations.

Inverse solver: For solving the nonlinear inverse problem, we use the truncated Newton
CG method [23, section 2]. This method, which is also available in RegPy, couples the
Newton method with the Conjugate Gradient method. More precisely, after linearizing the
forward operator (see theorem 3.8), the Newton equation S ′(Tk)ξk = uδ − S(Tk) for the update
ξk = Tk+1 −Tk at the kth iteration (outer iteration) is solved by the CG method for its nor-
mal equation of the form S ′(Tk)∗S ′(Tk)ξk = S ′(Tk)∗

(
uδ − S(Tk)

)
(inner iteration); the adjoint

S ′(Tk)∗ is described in remark 3.11. Next, the force density is updated by Tk+1 = Tk+ ξk (outer
iteration). The inner iteration is stopped early when the residual of the inner linearized problem
is reduced to a percentage 0< ρ < 1 of the residual of the outer nonlinear problem. We stop
the outer iteration again with the discrepancy principle (35) to obtain stability. The regulariz-
ing property for this nonlinear case has been shown in [23] if the forward operator fulfills the
so-called tangential cone condition and ρ2τ > 2.

Function spaces: The function space setting from remark 3.8 yields the data space Y=
L2(Ω,R2) and the parameter space X= H1

0(Ω,R2). However, numerically we also reconstruct
with X= L2(Ω,R2), accounting for discontinuous traction. The later does not grant unique-
ness (remark 3.8), but with theorem 3.5 we at least get existence. Depending on the choice of
X, we use different norms when computing the solution of the normal equations in the CGNE
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Figure 6. 2D nonlinear TFM: simulated traction ground truth as defined in (32) (a),
reconstruction with L2-penalty (b) and H1

0-penalty (c), noise-free displacement data (d)
and error with L2-penalty (e) and H1

0-penalty (f).

Table 2. Reconstruction error, run time and number of Newton CG iterations of non-
linear 2D TFM for the first force (32) with a noise level of 3.64% and 2048 degrees of
freedom of the finite element space. The best result is highlighted in bold.

L2-error Run time Iterations

L2 21.22% 7.05 s 9
H1

0 23.98% 22.57 s 33

method, leading to different reconstruction results. The python library RegPy [28] allows free-
dom in the choice of function spaces.

Reconstruction results: The parameters in the Newton-CG methods were chosen as ρ= 0.7
and τ = 1.15. (As mentioned in [23] such a choice makes sense although not covered by the
theory there.) The results for the first force field (32) are summarized in figure 6 and table 2
and for the second force field (33) in figure 7 and table 3. For both force fields we choose the
effective thickness h= 1µm.

Even though the L2-penalty does not incorporate the additional requirements on the traction
forces t, the L2-error is smallest for not too noisy data. However, this changes when the noise
level gets larger. Then the H1

0-penalty leads to the best result.
As described in remark 3.8 one could also perform the reconstruction in the fractional

Sobolev space X= Hk
0 ⊂ Lp(Ω) with k⩾ 1− 2

p , where p> 2 suffices for uniqueness. This is
in fact an interesting factor to consider and even to optimize. Work along this line includes,
e.g. [29] for learning fractional order Sobolev seminorms as nonlocal regularizers in Tikhonov
regularization.
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Figure 7. 2D nonlinear TFM: simulated traction ground truth as in (33) (a), reconstruc-
tion with noise level of 7.81% with L2-penalty (b) and H1

0-penalty (c), noise-free dis-
placement data (d) reconstruction with noise level of 15.62% with L2-penalty (e) and
H1

0-penalty (f).

Table 3. Reconstruction error, run time and number of Newton CG iterations of nonlin-
ear 2D TFM for the second force (33) with 5240 degrees of freedom of the finite element
space. The best result is highlighted in bold.

Noise level L2-error Run time Iterations

7.81% L2 51.16% 7.65 s 6
H1

0 51.28% 10.04 s 7

15.63% L2 66.22% 4.43 s 4
H1

0 57.85% 6.48 s 5

4.4. Application to experimental data and comparison with FTTC

In the end, we apply ourmethod tomeasured linear 2D displacement data from a standard TFM
experiment and compare it with FTTC [10], a specific numerical realization of the popular
Fourier based method introduced by physicists in [46, 47] that have shown various successful
applications, as discussed in section 1.

Experimental setup: For the TFM experiment, we plate NIH 3T3 fibroblast cells on PAA gels
with a Young’s modulus of 34± 1.6 kPa and a substrate thickness of 42µm. Fluorescently
labeled carboxylated beads are added to the PAA solution as fiducial markers before it is
polymerized on a treated glass bottom dish, as described in detail, e.g. in [22, 71]. After
polymerization, we coat the PAA gel with Sulfo-SANPAH and fibronectin, acting as an ECM
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Figure 8. 2D linear TFM: real data (a), our reconstruction (b), standard method (c). The
field of view is of size 104.4µm× 106µm.

protein. TFM measurements are performed using an Olympus IX83 microscope under con-
trolled physiological conditions. The displacements are computed using a Kanade–Lucas–
Tomasi optical flow algorithm by comparing images of fiducial markers of gels with cells and
of relaxed gels [12, 39]. Here, we obtain the displacement data for 72353 points. Note that in
figure 8(a) the measured displacement is very small at the boundary, justifying the homogen-
eous Dirichlet boundary condition in our model (13).

Preparation of data:We first collect the displacement data points from the TFM experiment.
As our reconstruction procedure is formulated in a function space setting, we linearly interpol-
ate these data points to obtain continuous data in L2(Ω). This piecewise linear data function
is then projected into the third order finite element data space. These steps are performed by
NGSolve in-built functions.

To estimate the noise level, we assume that the noise is additive and homogeneous, i.e. it
does not depend on the location and the functional value. Then we chose an area in the meas-
urement data that appears to have almost no displacement and therefore lies outside the cell
boundary. We compute the L2-norm of the function on this area and scale this value to the
whole domain. This results in a relative noise level of approximately 18.6%.

Reconstruction results: Since our pure 2D model, see remark 3.2, is based on the older TFM
model from [17] that assumes thin substrates while the experiment is conducted under the
assumptions of a not purely 2D model using thick substrates as in [18], it is not surprising
that we observe differences in the reconstructions. However the results are clearly similar, see
figure 8. Since our reconstructed traction has the same data range as the FTTC solution, our
method also indicates that we indeed have an effective thickness h≈ 1µm in this experiment.
Here, the discrepancy principle stops the iteration after 80 steps which needs 14.11 s.

4.5. Comparison of our linear and nonlinear 2D models

This section is dedicated to comparing linear and nonlinear models in both forward and inverse
processes. All the following tests will be done in the 2D and noise-free setup, and with the
traction forces described in (32).

Linear vs nonlinear forward simulation:We use the force field equation (32) with multiple
values of the force strength a in the range of [1× 102,8× 105]Pa. The comparison is shown in
figure 9(a), where the difference between linear and nonlinear forward simulation measured in
the L2-norm (y-axis) is only visible at large applied forces (x-axis). The difference is displayed
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Figure 9. Comparison of nonlinear and linear 2Dmodel: (a) relative difference between
linear and nonlinear forward simulation (y-axis) at different source strengths (x-axis);
(b) and (c) respectively show the error in the linear and nonlinear reconstruction of force
field (32) with a= 2 · 105 given nonlinear noise-free data.

relatively to the nonlinear displacement, and the force is displayed relative to the force that is
constant one in the whole domain. This behavior motivates why mostly linear TFM is used in
experiments when traction forces are sufficiently small. As an example, the relative norm of
the force reconstructed with FTTC (figure 8) is 48.35, where we observe a good correlation of
the results from the linear and nonlinear model. This gives an indication that it is sufficient to
use the linear model in this case.

Linear vs nonlinear inversion:We now simulate the nonlinear displacement generated by the
force field (32) with a= 2 · 105 Pa, and use it as the input data to the linear and nonlinear inver-
sion process. In the forward simulation process, since the force has large magnitude, its relative
norm is 5.39 · 103, the problem becomes notably nonlinear. We thus use the incremental load
method, see e.g. [11], with 10 equidistant loading steps internally in the Newton-based forward
solver, in order to improve stability despite high nonlinearity. An example with explanations
on the homotopy method can be found in section 3.4 of the NGSolve documentation.

Performing the reconstruction using the linear model, we get a minimal error of 7.27 after
300 CGNE iterations; see figure 9(b). Using the linear reconstruction as an initial guess to
the nonlinear inversion, we can reduce the reconstruction error to 2.58% after 10 Newton CG
iterations, see figure 9(c).

5. Conclusion and outlook

We described a forward model for linear 2.5D TFM and pure linear and nonlinear 2D TFM and
analyzed the nonlinear parameter-to-state map S, see (13). In particular we discussed the well-
definedness of the map S, showed Fréchet-differentiability and calculated its adjoint, which
are essential to apply numerical regularization. Furthermore, we derived a suitable nonlinear
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material law leading to a nonlinear PDE. For this setting, we established a rigorous mathem-
atical analysis for the inverse problem of TFM from biophysics. With the nonlinear approach
we developed an inverse method that can be applied to nonlinear materials with high stresses.
Our approach is developed in a continuous setting, with discretization applied only at the end
to preserve the mathematical properties of the involved functions, particularly the solution, as
long as possible. Furthermore, our analysis and the inclusion in the Python toolbox RegPy [28]
allow to easily use different regularization algorithms instead of using standard Tikhonov reg-
ularization as commonly used in the physics community in TFM. In the linear 2D case, where
we applied our methods to experimental data, we observe a good agreement of our results
and the ones obtained from the FTTC method. In the nonlinear 2D case and the linear 2.5D
case, we obtained conclusive results for synthetic data and were able to reduce artifacts by
incorporating the nature of the traction forces.

An advantage of the proposed approach is its flexibility allowing for a number of exten-
sions and variations. For example, we could work with other specific nonlinear material laws.
For these experimentally new settings our findings may serve as a fundamental mathematical
approach. Additionally, other a-priori information as, e.g. known support of the traction stress,
the equilibrium condition, symmetry assumptions, or sparsity with respect to certain frames,
could be incorporated into the optimization problem. Furthermore, the mathematical analysis
and implementation of TFM could be extended to 3D TFM.

Data availability statement

The code and data that support the findings of this article are openly available on GROdata
[49] at https://doi.org/10.25625/IBWTPH.

Acknowledgments

The authors thank E Klass for help with the implementation. G Sarnighausen, T Nguyen,
A Wald, T Hohage and S Köster acknowledge funding by Deutsche Forschungsgemeinschaft
(DFG, German Research Foundation)—CRC 1456 (Project-ID 432680300), Projects A04,
B06 and C03. A Wald, S Köster and T Betz additionally acknowledge support by DFG RTG
2756 (Project-ID 449750155), Projects A2, A4, A7, B3, and S Köster and T Betz acknow-
ledge support in the framework of Germany’s Excellence Strategy, EXC 2067/1 (Project-ID
390729940). S Köster, T Betz and U S Schwarz are members of the Max Planck School Matter
to Life supported by the German Federal Ministry of Education and Research (BMBF) in col-
laboration with the Max Planck Society.

Appendix. Proof of lemma 3.5

We use ≲, ≳ and ' for relations up to multiplicative constants independent of u and v.

(i) Preliminaries. To ensure the positivity constraint we define

P̄(F,detF) =

{
P(F,detF) if detF> 0

+∞ if detF⩽ 0

with the function P as in definition 3.4. The convex function P is continuous accord-
ing to proposition 47.5 in [70]. Therefore, the function P̄ :M2 × (0,∞)→ (−∞,∞] is
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continuous because of (16). Furthermore, we set

X :=W1,p(Ω,R2)×Ls(Ω,R2)

Hu(x) :=
(
x+ u(x),det(I+∇u(x)

)
∈ X

for u ∈W1,p(Ω,R2).
(a) On the space W1,p(Ω,R2) we introduce the norm

‖v‖1,p :=
(ˆ

Ω

|∇v|pF dx+
ˆ
∂Ω

|v|pF ds
) 1

p

,

which is equivalent to the standard norm on the spaceW1,p(Ω,R2), see e.g. [55, § 114,
theorem 3]. Then, for all elements v(x) = x+ u(x) with u ∈ U, we have

‖v‖p1,p ≲ ‖∇v‖pLp(Ω,R2)
+Cu0 with Cu0 := ‖x+ u0‖pLp(∂Ω,R2)

(36)

since for u ∈ U holds u= u0 on the boundary ∂Ω and thus the boundary integral has
the same value for all elements u ∈ U. On the space X we choose the norm ‖v‖X :=
‖v1‖1,p+ ‖v2‖s for v= (v1,v2) ∈ X.

(b) Theorem of Mazur. Let the sequence (vn) in an arbitrary Banach space Y converge
weakly to some element v ∈ Y, i.e. vn ⇀ v in Y as n→∞. Then there exist convex
linear combinationswn =

∑N(n)
i=1 λnivi with

∑N(n)
i=1 λni = 1, λni > 0 such thatN(n)→∞

as n→∞, and we have strong convergence wn → v in the space Y as n→∞, see,
e.g. [14, Lemma 3.1.20].

(c) Recall that in case of convergence fn → f in Lp(Ω) as n→∞ and 1⩽ p⩽∞, there
exists a subsequence—for simplicity also called fn—such that the subsequence con-
verges almost everywhere, i.e. fn(x)→ f(x) a.e. inΩ as n→∞, according to the Riesz–
Fischer theorem [20, chapter VI, section 2].

(ii) Minimal sequence. Define the infimum m := infu∈UG(u). We show that there exists an
element u∗ ∈ U with G(u∗) = m. Due to the coercivity we have −∞< G(u)⩽∞ for all
elements u ∈ U. Since G(u0)<∞, the infimum m is finite.

We choose a sequence (un) in the space U such that G(u1)⩾ G(u2)⩾ . . .⩾ G(un)→
m as n→∞ and show that the sequence (Hun) is bounded in X. Using (36) and defini-
tion 3.4 we obtain

H̃(un) := ∥x+ un(x)∥p1,p+ ∥det(I+∇un)∥sLs(Ω,R2)

(36)

≲ ∥I+∇un(x))∥pLp(Ω,R2)
+ ∥det(I+∇un)∥sLs(Ω,R2) +Cu0

≃ ∥I+∇un(x))∥pLp(Ω,R2)
+ ∥det(I+∇un)∥sLs(Ω,R2) +Cu0 −

1
p
∥I+∇un(x))∥pLp(Ω,R2)

3.4
≲
ˆ
Ω

P(I+∇un,det(I+∇un)dx−
1
p
∥I+∇un(x))∥pLp(Ω,R2)

+Cu0 −D.

To get rid of the power pwe use the Bernoulli inequality which states (1+ x)p ⩾ 1+ px
for x⩾−1 and p⩾ 1.With the substitution a= 1+ x it follows− ap

p ⩽−a−Cp for a⩾ 0
with Cp := (1− p)/p. Thus
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H̃(un)≲
ˆ
Ω

P(I+∇un,det(I+∇un)dx−‖I+∇un (x))‖Lp(Ω,R2) −Cp+Cu0 −D.

To relate ‖I+∇un(x)‖Lp(Ω,R2) and ‖un(x)‖1,p we observe

‖un (x)‖1,p = ‖I+∇un (x)− I‖Lp(Ω,R2) + ‖u0‖Lp(∂Ω,R2)

⩽ ‖I+∇un (x)‖Lp(Ω,R2) + ‖u0‖Lp(∂Ω,R2) + ‖I‖Lp(Ω,R2)

(37)

and with Cu′0 := ‖u0‖Lp(∂Ω,R2) + ‖I‖Lp(Ω,R2) we get

H̃(un)
(A2)

≲
ˆ
Ω

P(I+∇un,det(I+∇un)dx−‖un(x)‖1,p+Cu′0 −Cp+Cu0 −D.

Next we estimate the W1,p-norm by the L
p

p−1 -norm. The embedding W1,p(Ω,R2) ↪→
L

p
p−1 (Ω,R2) is compact and thus continuous due to the Rellich–Kondrachov theorem

Wk1,p1
(
Ω,R2

)
↪→Wk2,p2

(
Ω,R2

)
, if

k1 − k2
2

>
1
p1

− 1
p2

,k1 ⩾ k2, (38)

for k1,k2 ∈ N0,p1,p2 ⩾ 1, see, e.g. [1, chapter 6], which is fulfilled for k1 = 1, k2 = 0,
p1 = p and p2 =

p
p−1 because p⩾ 2. Finally we get

H̃(un)
(A3)

≲
ˆ
Ω

W(I+∇un)dx−‖T‖Lp(Ω,R2)‖un (x)‖
L

p
p−1 (Ω,R2)

+Cu′0 −Cp+Cu0 −D

≲
ˆ
Ω

W(I+∇un)dx−
ˆ
Ω

Tun dx+Cu′0 −Cp+Cu0 −D

= G(un)+Cu′0 −Cp+Cu0 −D

This is bounded because all the constants are bounded and G(un)⩽ G(u1) for all n ∈ N.
Now since ‖x+ un(x)‖p1,p+ ‖det(I+∇un)‖sLs(Ω,R2) is bounded, the expression without
powers ‖Hun‖X is bounded as well.

(iii) Weak and strong convergence. Since the spaceX is reflexive, there exists a subsequence,
denoted again by (Hun) that converges weakly to an element v ∈ X, i.e. Hun ⇀ v in X as
n→∞. Theorem 6.2 in [5] implies v= Hu∗ for an element u∗ ∈ U.
For each element vn = Hun, there exists a convex linear combination wn of Hui from
Mazur’s theorem as in (i)b). By possibly passing to a subsequence, it holds wn → Hu∗ in
X and wn(x)→ Hu∗(x) a.e. in Ω as n→∞.

(iv) Lemma of Fatou. The convexity of the function P yields P(wn)⩽
∑N(n)

i=1 λniP(Hui).
From the coercivity condition follows P(wn)⩾ D for all nwith the constantD from (3.4),
and the Lemma of Fatou (see e.g. [70, appendix]) and pointwise convergence of the con-
vex linear combinations wn from (iii) yield

ˆ
Ω

P̄(u∗)dx=
ˆ
Ω

lim
n→∞

P(wn)dx⩽ lim
n→∞

ˆ
Ω

N(n)∑
i=1

λniP(Hui)dx .

We define Ḡ by Ḡ(u) =
´
Ω
P(F,detF)−Tudx. Then we get

Ḡ(u∗) =
ˆ
Ω

P̄(u∗)dx−
ˆ
Ω

Tu∗ dx⩽ lim
n→∞

N(n)∑
i=1

λniG(ui)
(1)
= lim

n→∞
G
(
uN(n)

)
= m (39)
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where equality (1) holds because the expressions G(uN(n)) and
∑N(n)

i=1 λniG(ui) have the

same limit due to the condition
∑N(n)

i=1 λni = 1, λni > 0. So the limit point u∗ is a minimizer
of the energy G.

(v) It remains to show that the minimizer u∗ is an element of the space U. Due to the con-
dition P̄(u∗)<∞, the construction of the function P̄ yields det(I+∇u∗(x))> 0 a.e. in
Ω. Since un = u0 on the boundary ∂Ω for all n, and since convex linear combinations of
the elements un converge to the minimizer u∗ ∈W1,p(Ω,R2), we also have u∗ = u0 on the
boundary ∂Ω. Thus (39) is equivalent to G(u∗) = m and u∗ ∈ U.
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