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Biological systems are remarkably susceptible to relatively small temperature changes. The most obvious
example is fever, when a modest rise in body temperature of only few Kelvin has strong effects on our immune
system and how it fights pathogens. Another very important example is climate change, when even smaller
temperature changes lead to dramatic shifts in ecosystems. Although it is generally accepted that the main effect
of an increase in temperature is the acceleration of biochemical reactions according to the Arrhenius equation, it
is not clear how it affects large biochemical networks with complicated architectures. For developmental systems
such as fly and frog, it has been shown that the system response to temperature deviates in a characteristic manner
from the linear Arrhenius plot of single reactions, but a rigorous explanation has not been given yet. Here we
use a graph-theoretical interpretation of the mean first-passage times of a biochemical master equation to give
a statistical description. We find that in the limit of large system size and if the network has a bias towards a
target state, then the Arrhenius plot is generically quadratic, in excellent agreement with numerical simulations
for large networks as well as with experimental data for developmental times in fly. We also discuss under which
conditions this generic response can be violated, for example for linear chains, which have only one spanning
tree.
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I. INTRODUCTION

High fever has a dramatic effect on our body, but from the
physics point of view, it is only a modest change: increasing
the human body temperature by three degrees is less than one
percent on the absolute temperature scale [1]. An increase of
the same amount due to global warming would most likely
result in an extensive loss of biodiversity [2,3]. As illustrated
by these examples, complex biological systems are remark-
ably susceptible to changes in temperature. The explanation
for these sensitive responses to temperature was already given
in the 19th century by Arrhenius, who suggested that the rates
of all chemical reactions exponentially increase with rising
temperature [4]. This can be verified by an Arrhenius plot, in
which the logarithm of the kinetic rate decreases linearly as a
function of the inverse temperature 1/T . This insight has been
confirmed over and over again for single chemical reactions
and has led to many important advances over the last century
[5]. Moreover, it has been made more rigorous by the theories
by Kramers [6,7] and Eyring [8,9] on potential barriers as
transition states in chemical reactions.

Biochemical systems do not behave differently from chem-
ical systems in this regard, except that they are typically
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limited by protein denaturation at high temperatures [10]. A
large body of experimental work exists on temperature effects
in biochemical networks, ranging from intracellular tempera-
ture effects [11–23] to the impact of temperature on growth
and development [24–33]. We refer to Ref. [34] for a com-
parison of more than 1000 studies on biological temperature
responses. From this body of experimental work, the picture
arises that the system’s response typically does not show the
Arrhenius form of single reactions. However, a fundamen-
tal theoretical understanding of this striking observation is
missing and it is an open question if such networks show a
generic response to temperature changes. Yet this question is
key if one aims at understanding biochemical systems such as
the immune system or ecosystems from a theoretical point of
view.

There is one subject area for which the investigation of
temperature effects has been relatively systematic and com-
prehensive, and that is the case of biochemical oscillators
[35–46]. Here, the general picture has emerged that they of-
ten come with compensation mechanisms, which can assure
that their functioning is unaltered within the physiological
temperature range. A notable example for this general obser-
vation are circadian clocks, whose function is to instruct the
organism about upcoming changes due to the diurnal cycle.
Because temperature changes are one of the main conse-
quences of changing solar input, circadian clocks are typically
temperature compensated, to ensure reliable time measure-
ments [39–43]. Another important example of temperature
compensation is chemotaxis of swimming organisms such
as E. Coli, which have to reliably find food sources despite
temperature changes and gradients in their environment [21].
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FIG. 1. The Arrhenius plot depends on network size. (a) The temperature dependence of the rate of a single biochemical reaction, such as
ligand-receptor binding, usually follows the Arrhenius equation, resulting in a linear relationship in the Arrhenius plot (logarithmic rates against
inverse temperature). (b) For networks of intermediate size, such as the MAPK-signaling pathway shown here, the temperature response is more
complex and depends on microscopic details. (c) In large biochemical networks, such as those governing the development from a Drosophila
fertilized egg to a larva, a quadratic dependence emerges in the Arrhenius plot.

Although the existence of temperature compensation for bio-
chemical oscillators and chemotaxis proves the relevance of
temperature for biochemical networks, it does not instruct us
about its generic effect, exactly because in these cases it is
compensated by specific mechanisms, typically by the action
of proteins that have evolved for that purpose.

Developmental systems seem to have evolved less temper-
ature compensation and therefore appear to be better model
systems to study the effect of temperature changes on large
biochemical networks [47,48]. Measurements of the prepupal
development time of Drosophila under different temperature
conditions were published almost 100 years ago by Bliss
[25]. The results clearly showed a concave curve in the Ar-
rhenius plot, as opposed to the straight line usually found
for single reactions. About a decade later, Powsner obtained
similar results for the embryonic, larval and pupal phases of
the development of Drosophila, already hypothesizing that
this may be a consequence of the complexity of the under-
lying network [26]. More recently, Crapse et al. published
a study in which the embryonic development of Drosophila
was subdivided into 12 phases [24]. The authors measured
the temperature dependence of the completion time of each of
them. On this level, a concave temperature response emerged
as well, which could be accurately described by a quadratic fit
in the Arrhenius plot. In the same study, similar results were
also found for Xenopus laevis embryos. The authors also per-
formed simulations for a linear sequence of Poisson processes
with statistically distributed parameters, but the results could
not fully reproduce the shapes of the experimental curves [24].
However, this approach disregards the fact that the underlying
biochemical networks are bound to be highly nonlinear, with
complicated feedback mechanisms and network motifs [49].
Even more recently, Rombouts et al. confirmed the quadratic
shape in the Arrhenius plot of the development rates of

Xenopus embryos and also observed it for the development of
zebra fish (Danio rerio) embryos, while for Caenorhabditis
elegans the rate shows a more biphasic behavior [48]. In
general, although there has been some work on understanding
the temperature dependence of development rates from first
principles [50–54], the main body of work has remained em-
pirical [55–60].

The general question addressed in this work is illustrated
in Fig. 1. The temperature dependence of a single reaction is
usually described well by the Arrhenius equation, resulting in
a linear relationship in the Arrhenius plot [Fig. 1(a)]. How-
ever, when considering complex biological processes, e.g.,
the whole mitogen-activated protein kinase (MAPK) signaling
pathway triggered by epidermal growth factors (EGF), that
transmits extracellular signals to the nucleus and regulates
differentiation [61], the linear relation is lost and micro-
scopic details might govern the response [Fig. 1(b)]. In the
limit of very large systems, such as whole organisms such
as Drosophila developing from a fertilized egg to a larva
[62], the overall rate usually approaches a quadratic depen-
dence [Fig. 1(c)]. Here we provide a rigorous mathematical
derivation of why large biochemical networks typically show
a quadratic shape in the Arrhenius plot. Our proof is based
on calculating first-passage times using a graph-theoretical
decomposition of the network into spanning trees and forests.
Our result is valid for all network architectures, including
feedback loops, as long as several spanning trees stay relevant
in the limit of large system size. Thus, our work solves the
longstanding question of what the generic temperature re-
sponse of large and complicated biochemical networks is. To
support our analytical findings, we have developed a numeri-
cal procedure that generates networks of given sizes and with
a bias towards an endpoint, and then uses the graph-theoretical
interpretation of mean first-passage times to generate their
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distribution. This numerical procedure confirms the generic
temperature response predicted by our theory. We also show
that our results are in excellent agreement with experimental
data from the developmental systems of the fly. Finally we
discuss the cases in which the generic response does not occur,
including linear chains, which have only one spanning tree.
Our approach paves the way to deal with smaller biochemical
systems and more specific temperature responses, including
protein denaturation.

II. RESULTS

A. Meaning of mean first-passage time

A general framework to mathematically describe a chem-
ical reaction network is to express it as a time-dependent
probability distribution pi(t ) on Nv discrete states, where
without loss of generality we denote states 1 and Nv as start
and target states, respectively. For a linear chain, we would
have N = Nv − 1 reactions, each with forward and backward
directions, while in general, the system could contain many
loops. In the following, we will first use N as main variable;
for the numerical part coming later, it is more convenient to
use Nv = N + 1.

The time evolution of pi is governed by the master equa-
tion [63,64]:

ṗi(t ) =
N+1∑
j=1

(k ji p j (t ) − ki j pi(t )), (1)

or in vectorial notation:

�̇p(t ) = K �p(t ), (2)

where ki j is the transition rate from state i to state j and

Ki j =
{

k ji if i �= j
−∑

m kim if i = j
. (3)

Realistic biochemical networks typically exhibit a large num-
ber of intertwined reactions, meaning that N � 1 and Eq. (1)
then describes a large system of coupled ordinary differential
equations, for which it is difficult to find a full mathematical
solution. Another important limitation is that often not all con-
nections and/or rates might be known. Together, this raises the
question if one can make progress without explicitly solving
the complete system.

Indeed, certain features of the system described by Eq. (1)
can be computed without the need for a complete solution
[65]. A notable example are first-passage times (also called
first-hitting times or exit times) [66,67] and in particular,
the mean first-passage time (MFPT), which characterizes the
typical completion time of the process of interest. The main
example in this work is a developmental process seen as the
consequence of a complex network of biochemical reactions.
Developmental systems are very large and complex and be-
sides biochemistry also involve many spatial processes, such
as cytoskeletal rearrangements [68]. However, experimental
measurements of heat generation in zebra fish embryos com-
bined with modeling of biochemical networks suggest that
even in this case, the rate-limiting steps are in the biochemical
control system for the cell cycle [69], which in itself is again

FIG. 2. An illustration of the graph-theoretical decomposition of
networks into spanning trees and forests used throughout this work.
(a) The full directed graph on three vertices. (b) A spanning tree
rooted at 3. (c) A spanning forest of two trees rooted at 2 and 3.

a large and complex biochemical network [70]. To give an in-
structive example of a transparent biochemical network that is
active during development and that can be described with the
master equation from Eq. (1), one can think of the mitogen-
activated protein kinase (MAPK) signaling pathway triggered
by epidermal growth factors (EGF) shown in Fig. 1(b). In this
case, the MFPT describes the typical time for the signal to
reach from the plasma membrane to the nucleus, where gene
expression is changed. Here we ask how such MFPTs can be
calculated for this and more complex networks, and how they
depend on temperature.

B. Solution with graph theory

1. Some concepts from graph theory

It is often a useful approach to represent networks de-
scribed by a master equation as weighted and directed graphs,
i.e., vertices and directed edges (pairs of vertices), where the
edges have a weight attributed to them [71]. Then the vertices
are the states, the directed edges are the possible jumps and
their weights are the jumping rates ki j from vertex i to vertex
j. In the following, graphs are always understood as weighted
and directed. Also, the rates ki j are simply referred to as edges,
for the ease of notation, setting ki j = 0 if there is no transition
from i to j.

A tree rooted at a vertex i is a cycle-free graph where there
is a directed path from any other vertex to i. Note that this
requires i to be an endpoint because any outgoing edge from
i would create a cycle. It is then also clear that the root of
a tree is unique. A disjoint union of trees is called a forest.
A spanning tree (forest) is a subgraph of a given graph that
contains all its vertices and is a tree (forest). This is illustrated
in Fig. 2.

The (in-degree) Laplacian matrix L of a graph is defined
as:

Li j :=
{ −ki j if i �= j∑

m �=i kim if i = j , (4)

so the ith entry on the main diagonal is the sum of all incoming
edges and Li j for i �= j are the negative transition rates from i
to j.

2. Graph-theoretical interpretation of FPT moments

The standard textbook approach to find first-passage times
(FPTs) is to evaluate them in Laplace space [66,67,72].
However, this becomes increasingly cumbersome for larger
systems. Here, we instead use a solution that can be derived

043011-3



JULIAN B. VOITS AND ULRICH S. SCHWARZ PRX LIFE 3, 043011 (2025)

with graph theory [73–75]. Consider the master equation on a
finite space i = 1, . . . N + 1 with time-independent rates ki j .
Then the formal solution to Eq. (2) is given by:

�p(t ) = exp(Kt ) �p0, (5)

with exp denoting the matrix exponential and �p0 = �p(0).
Since 1 − pN+1 = ∑N

i=1 pi, Eq. (5) can be restricted to only
the first N components. In particular, K is then no longer
singular.

Asking for the FPT to reach state N + 1, this state can be
assumed to be absorbing, i.e., kN+1i = 0 for all i, because we
are only interested in the first time that it is reached. The FPT
density f (t ) then follows from:

p(τ � t ) = pN+1(t ) (6)

⇒ f (t ) = ṗN+1(t )

= êT
N+1K �p(t )

= êT
N+1Kexp(Kt ) �p0, (7)

where êi denotes the ith unit vector. We define the FPT density
to reach N + 1 starting at state i

fi(t ) : = êT
N+1Kexp(Kt )êi

= êT
i exp(KT t )KT êN+1, (8)

where the second equality uses the symmetry of the inner
product. In vector form, this now reads:

�f = exp(KT t )KT êN+1

= exp(KT t ) �f0, (9)

where �f0 = (k1,N+1, . . . kN,N+1)T . A distribution of this shape
is called phase-type distribution [76]. The moments are ob-
tained by integration by parts:

〈 �τ n〉 =
∫

dt t n �f

= −n
(
KT

)−1
∫

dt t n−1exp(KT t ) �f0

= −n
(
KT

)−1〈 �τ n−1〉. (10)

Equivalently, we have

KT 〈 �τ n〉 = −n〈 �τ n−1〉. (11)

Here 〈τ n
i 〉 is the nth moment of the FPT when starting at state

i. Iterative application of the formula above yields:

〈 �τ n〉 = n!((−KT )−1)n�1, (12)

where �1 = (1, 1, . . . , 1)T . Note that

(−KT )i j=1,...N =
{ −ki j if i �= j∑N+1

m=1 kim if i = j
(13)

can be interpreted as the submatrix obtained by deleting
the (N + 1)th row and column of the Laplace matrix of the
weighted and directed graph identifying the states with ver-
tices and the edges with the transitions between them, where
ki j is the weight for the edge going from i to j.

FIG. 3. All spanning trees of the complete graph on four ver-
tices rooted at 4. The graph-theoretical interpretation of the sum in
Eq. (14) consists in finding the spanning trees. The vertex labels are
for all graphs as indicated for the first one.

By a generalization of Kirchhoff’s theorem to weighted
and directed graphs [77], the determinant of −KT is given by:

det (−KT ) =
∑
T[N+1]

w(T ), (14)

where T[N+1] denotes the spanning trees of the correspond-
ing graph rooted at N + 1 and their weights are defined as
w(T ) := ∏

ki j∈E (T ) ki j , with E (T ) being the edge set of T .
Figure 3 shows T[4] for the complete graph on four vertices as
an example.

(−KT )−1 can be expressed as:

(−KT )−1
i j = (−1)i+ j

det (−KT )
Mji, (15)

where Mji is the determinant of the ( j, i) minor of −KT ,
which can also be expressed as a sum with a graph-theoretical
interpretation [73]:

Mji = (−1)i+ j
∑

F i→ j
[ j,N+1]

w(F ), (16)

where F i→ j
[ j,N+1] are the spanning forests with two trees of the

graph, one rooted at j and containing i and the other one
rooted at N + 1. Figure 4 shows F1→i

[i,4] for the complete graph
on four vertices.

This yields

(−KT )−1
i j =

∑
F i→ j

[ j,N+1]
w(F )∑

T[N+1]
w(T )

, (17)

and therefore, Eq. (12) becomes [73]:

〈 �τ n〉 = n!
N∑

j0,..., jn=1

∏n
m=1

∑
F jm−1→ jm

[ jm ,N+1]
w(F )(∑

T[N+1]
w(T )

)n ê j0 . (18)

The mean in particular reads [73,74]:

〈τ 〉 =
∑N

j=1

∑
F1→ j

[ j,N+1]
w(F )∑

T[N+1]
w(T )

. (19)
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FIG. 4. All spanning forests of the complete graph on four
vertices rooted at 4. The graph-theoretical interpretation of the sum-
mands in Eq. (16) consists in finding the two-tree spanning forests
F 1→1

[1,4] , F 1→2
[2,4] , and F 1→3

[3,4] of the complete graph on four vertices rooted
at 4. The vertex labels are for all graphs as indicated for the first one.

Note that similar graph-theoretical counting schemes also
exist for the steady-state distributions of ergodic networks
[78,79]. In Appendix A, we show how this formula can be
used to derive MFPTs for two example networks for which
the results are also known from Laplace transforms.

Overall, the graph-theoretical approach results in three
possible approaches to the FPTs of a homogeneous master
equation. The first one consists in solving the matrix expo-
nential as given in Eq. (9) or, alternatively, the corresponding
differential equation:

�̇f = KT �f , (20)

with �f0 as above. This is numerically feasible for systems
of moderate size. If no full analytic solution is available, the
moments of the FPT can be computed by either inverting −KT

algebraically and using Eq. (12) or by solving the combinato-
rial problem in Eq. (18).

First-passage time distributions can be broad, especially
when considering the statistics of rare events, and higher mo-
ments are therefore often of interest [66]. For processes with a
clear bias towards a final state, the distribution of the comple-
tion time tends to be more narrow and its mean characterizes
it sufficiently well [80], which is likely to be the case for
most developmental systems. Indeed, the development times
of Drosophila embryos vary only by a few percent [81].

C. Effect of temperature

Temperature now enters the description via the rate
constants. By the Arrhenius equation [4], the temperature
dependence of the ki j can be described as follows:

ki j = Ai je
− Ei j

kBT = Ai je
− Ei j [ J

mol ]

RT , (21)

where T denotes the temperature, kB Boltzmann’s constant,
Ai j a (temperature-independent) prefactor and Ei j is the

activation energy. For large systems such as developmental
ones, one often expresses Ei j in J

mol . Then kB has to be re-
placed by the universal gas constant R.

Since most biological organisms have evolutionarily
adapted to a relatively fixed thermal environment, it is rea-
sonable to rephrase the Arrhenius equation in terms of the
rate constant at a reference temperature T0, introducing k0

i j =
ki j (T = T0). T0 describes the temperature at which the organ-
ism usually operates. For instance, for endothermic animals,
the body temperature would serve as the natural reference
point, while for exothermic animals, it would be the typical
temperature of the environment. The k0

i j can be seen as the
standard rates, and a crucial assumption for the following
analysis is that these standard rates are independent of the
activation energies Ei j . The Arrhenius equation can then be
expressed in terms of these parameters as:

ki j = Ai je
− Ei j

kBT = k0
i je

−�βEi j , (22)

where �β := 1
kBT − 1

kBT0
.

D. Partition sums and generating functions

We note that the number of spanning trees on a complete
graph on N + 1 vertices is given by the Cayley formula [82]
as (N + 1)N−1, so it grows faster than exponentially with N .
Even though many of the rates vanish, for sufficiently complex
networks one can expect the numerator and the denominator
of Eq. (19) to be the sum of many such graphs. This motivates
the introduction of a partition sumlike quantity Z summing
over the spanning trees:

ZT =
∑
T[N+1]

w(T ), (23)

and for the two-tree spanning forests:

ZF =
N∑

j=1

∑
F1→ j

[ j,N+1]

w(F ), (24)

so that Eq. (19) reads in terms of these two quantities:

〈τ 〉 = ZF
ZT

. (25)

Letting the sums in Eqs. (23) and (24) run only over the
nonvanishing trees, all involved rates satisfy ki j > 0, and one
can parametrize them as ki j (a) = eaXi j such that ki j (a = 1) =
eXi j is the rate of interest. Applying this parametrization, one
obtains for ZT :

ZT (a) =
∑
T[N+1]

∏
ki j∈E (T )

ki j

=
∑
T[N+1]

e
a

∑
ki j ∈E (T ) Xi j

=
∑
T[N+1]

eaXT , (26)

defining XT := ∑
ki j∈E (T ) Xi j , which is the sum over all Xi j of

a given tree. Now consider the Taylor series of ln ZT around

043011-5



JULIAN B. VOITS AND ULRICH S. SCHWARZ PRX LIFE 3, 043011 (2025)

a = 0:

ln ZT (a) =
∞∑

n=0

∂n ln ZT
∂na

∣∣∣
a=0

an

n!
. (27)

The zeroth-order coefficient is

ln ZT (a = 0) = ln

⎛
⎝ ∑

T[N+1]

1

⎞
⎠ = ln |T |, (28)

i.e., it is the logarithm of the total number of spanning trees.
For the first order, one finds:

∂ ln ZT
∂a

∣∣∣
a=0

=
∑

T[N+1]
XT

|T | = 〈XT 〉T , (29)

i.e., the mean of XT over the trees. For the second order, one
obtains:

∂2 ln ZT
∂a2

∣∣∣
a=0

=
∑

T[N+1]
X 2
T

|T | −
(∑

T[N+1]
XT

|T |

)2

= 〈
X 2
T

〉
T − 〈

XT
〉2
T

= σ 2
XT

, (30)

i.e., the variance of XT over the trees. These results are no
coincidence: Eq. (26) is precisely the cumulant generating
function for XT such that one finds in general:

∂n ln ZT
∂an

∣∣∣
a=0

= κXT
n . (31)

Hence, one can express ln ZT as:

ln ZT (a) =
∞∑

n=0

κXT
n

an

n!
, (32)

with the convention that κ
XT
0 := ln |T |. Completely analo-

gously for ln ZF one gets:

ln ZF (a) =
∞∑

n=0

κXF
n

an

n!
, (33)

with κ
XF
0 := ln |F |. For the rates of interest (a = 1), the loga-

rithm of Eq. (25) becomes:

ln 〈τ 〉 = ln ZF (a = 1) − ln ZT (a = 1)

=
∞∑

n=0

κXF
n − κXT

n

n!
. (34)

Note that Eq. (34) is completely general and, as such, could be
applied, for example, to the MAPK system shown in Fig. 1(b).
The cumulants are taken over the spanning trees and the
expression is precise if all ki j are known for any N . Also, our
treatment so far is not restricted to biochemical networks. In
principle, it can also be applied to other settings described by
a master equation.

E. Limit of large system size

We now are in a position to study the limit of large net-
works (N � 1). Because in this case not all details can be
known, at the same time we switch to a statistical description

for the reaction rates ki j . To describe the effect of temperature,
we consider biochemical networks with rates that have an
Arrhenius-like temperature dependence, that is to say, Xi j =
−�βEi j + ln k0

i j , where Ei j and ln k0
i j are assumed to be inde-

pendent random variables. For that case, using that

κXT
n = κ

−�βET +∑
ki j ∈E (T ) ln k0

i j

n

= (−�β )nκET
n + κ

∑
ki j ∈E (T ) ln k0

i j

n , (35)

where ET := ∑
ki j∈E (T ) Ei j , one obtains:

ln 〈τ 〉 =
∞∑

n=1

(−1)n

n!

(
κEF

n − κET
n

)
�βn + const. (36)

Note that backward rates do not fully enter in the spanning
trees (cf. examples in Appendix A), so the activation energies
on the trees and on the two-tree forests are different in general.
The result so far requires to know the cumulants κET

n and κEF
n

to get the global rate constant.
If now ET and EF can be sufficiently well approx-

imated by normal distributions, ET ∼ N (〈E〉T , σ 2
T ) and

EF ∼ N (〈E〉F , σ 2
F ), then all but the first two cumulants van-

ish, resulting in the following expression:

ln 〈τ 〉 = (〈E〉T − 〈E〉F )�β + σ 2
F − σ 2

T
2

�β2 + const. (37)

yielding a quadratic dependence in the Arrhenius plot (since
ln 〈τ 〉 = − ln k).

ET = ∑
ki j∈E (T ) Ei j and EF = ∑

ki j∈E (F ) Ei j are the sums
of N and N − 1 independent random variables, respectively.
Since N � 1, the central limit theorem suggests that this is
a valid assumption as long as the higher cumulants vanish
fast enough compared to the differences of the first two terms,
requiring sufficiently well-behaved convergence to the normal
distribution. The simplest case is that the Ei j already follow a
normal distribution. However, any distribution, including the
uniform one, is sufficient, as long as it satisfies the conditions
required for the central limit theorem. Then one obtains:

ln 〈τ 〉 = (N〈Ei j〉T − (N − 1)〈Ei j〉F )�β

+
(N − 1)σ 2

F ,Ei j
− Nσ 2

T ,Ei j

2
�β2 + const. (38)

This constitutes our main theory result: the Arrhenius plot for
large and complex biochemical networks is expected to show
a quadratic dependence on the inverse temperature.

F. Comparison to simulated networks

To illustrate the convergence predicted by our theory, ran-
dom networks on Nv = 10 to Nv = 1000 vertices displaying
some basic characteristics of the biochemical network of a
developmental process were generated (see Appendix C for
details) [83]. In particular, they were designed to have a
relatively large distance between the initial vertex 0 and the
final vertex Nv = N + 1 as well as a blocklike structures with
many connections and irreversible transitions between them,
reflecting the checkpoints present in development. Two small
networks with Nv = 30 and Nv = 50 are shown as examples
in Figs. 5(a) and 5(b), respectively.
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FIG. 5. Randomly generated networks with features that are typ-
ical for development of sizes (a) Nv = 30 and (b) Nv = 50 vertices.
The initial vertices are represented as squares and the final vertices
as diamonds. The networks are biased towards the final vertices and
contain compact elements with many connections.

The spanning trees and two-tree spanning forests of these
base networks were then drawn at random. A standard proce-
dure to generate random spanning trees is given by Wilson’s
algorithm [84]. While removing a random edge from a span-
ning tree will result in a spanning forest, this procedure does
not yield all spanning forests with the same probability. In
order to ensure an unbiased sample, a specific algorithm was
devised for the generation of two-tree spanning forests. In
Appendix D, the steps needed for this algorithm are explained
and its functionality is illustrated for a simple example net-
work.

The activation energies were assigned randomly to the
edges. The activation energies were drawn at random from
the intervals [60 kJ

mol , 100 kJ
mol ] for the forward rates and from

[20 kJ
mol , 60 kJ

mol ] for the backward rates. These represent typical
values of activation energies of biochemical reactions listed in
the literature [85].

In each case, 10000 spanning trees and at least 10000
two-tree spanning forests (note that the number of generated
forests is not predefined to ensure an unbiased sample, as
explained in Appendix D) and the total activation energies for
each of them were calculated. The total activation energies
for Nv = 10 are shown in Fig. 6 as histograms. One observes
that there are just a few spanning trees and also a moderate
number of two-tree spanning forests, so that the distribution
is not reminiscent of a Gaussian yet. The other histograms,
along with fits to normal distributions, are shown in Fig. 7.
As expected, the histograms of the total activation energies
approach a normal distribution as Nv increases.

Then, Eq. (37) can be applied to obtain the Arrhenius plot
for the global rate. The corresponding plots for networks of
size 20, 100, and 1000 are shown in Fig. 7. The convergence
of the total energy distributions to a Gaussian is observed as
the system size Nv increases. For the parameters chosen here,
the distribution appears already well described by a Gaussian
for Nv ∼ 100. The second derivative, i.e., twice the quadratic
term as a function of Nv is shown in Fig. 8. One observes that
as the system size increases, so does the quadratic term, in a

FIG. 6. Histograms of the total activation energies of (a) span-
ning trees ET and (b) two-tree spanning forests EF , i.e., the sum of
all the activation energies along their edges, on randomly generated
graphs on Nv = 10 vertices.

statistical manner. This proves numerically that this kind of
networks generically lead to a quadratic Arrhenius plot in the
limit of large system size.

G. Comparison to experimental data

Our theoretical prediction is in striking agreement with
experimental data for developmental systems. In a work
published in 2021, Crapse et al. conducted a study on the
development rates of Drosophila embryos at different temper-
atures [24]. To that end, the embryonic phase of Drosophila
was subdivided into 12 stages and the rates to reach each
stage were measured under different temperature conditions.
The 14th nuclear division in the zygote was chosen as the
starting point (stage A) and the first breath was chosen as
the end point (stage K). The cumulative rates starting with
the 14th nuclear division to four different stages (B,E,H,K
in the notation of the original authors) are shown in Fig. 9
as an example, together with a quadratic fit performed in
python via the numpy.polyfit command. The data were taken
from the supplementary material of the original publication,
which tabulated the measured times for the entire sample and
all stages. The fitting parameters are listed in Appendix B.
Note that these do not provide insights into the microscopic
structure of the network without further assumptions, since the
coefficients of the quadratic functions contain the differences
of the first two moments along the trees and forests as well as
terms containing 1

kBT0
. Moreover, the residuals of the quadratic

fit were computed to analyze whether there are any systematic
deviations that hint towards a deviation from the quadratic
dependence.

For the beginning of stage B (begin of cellularization),
no robust statement can be made about the goodness of the
quadratic fit. Since this is the first stage following the starting
point, it may well be that the assumption of a sufficiently large
underlying biochemical network is simply not valid. However,
as more steps accumulate, such as in the rates to stages E,
H, and K, the quadratic shape of the data points becomes
more apparent. The residuals do not point to a systematic
deviation, suggesting that higher-order terms at best play a
minor role. A quadratic fit of the data was also suggested by
Crapse et al. [24], although without providing an explanation
on fundamental grounds, as done here.
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FIG. 7. Histograms and Arrhenius plots for simulated random networks of increasing sizes. (a)–(c) Nv = 20. (d)–(f) Nv = 100. (g)–(i)
Nv = 1000. (a), (d), (g) Spanning trees. (b), (e), (h) Spanning forests. (c), (f), (i) Resulting Arrhenius plots. The fitted parameters are listed in
Appendix B.

Measurements of the temperature dependence of develop-
mental rates of Drosophila were already performed by Bliss
[25] in 1926 for the prepupal development and by Powsner
[26] in 1935 for the embryonic, pupal, and larval stages. Their
results are shown in Figs. 10 and 11, respectively, also with
a quadratic fit to their data points. Both articles list their data
in a table and show them in a diagram, albeit together with
piecewise linear functions as fit instead of a global quadratic
function. One sees that in all cases, the quadratic fits predicted
by our theory are in excellent agreement with the experimental
data. Also the residuals indicate only a minor contributions
from terms of higher order, except for the larval development
rates from the data by Powsner [Figs. 11(b) and 11(c)], where
most likely some additional effect contributes.

Figure 12 shows the quadratic terms of the quadratic fit
for the rates to the different stages defined by Crapse et al.
[24]. Consistent with the simulation data shown in Fig. 8, the
quadratic term tends to increase as more steps accumulate.
However, a slight decrease is observed for the rates to the final
stages. This is most likely due to the lack of data points at the
extreme ends of the temperature spectrum, as most embryos
did not survive long enough under these conditions. Con-
sequently, this also results in greater uncertainties for these
values.

Note that the maximal rate, i.e., the peak in the diagrams, is
at Tpeak ∼ 30 ◦C. Expecting the mean total activation energies
to be higher for the trees than for the forests, and vice-versa for
the variances, Eq. (37) predicts the maximum to be attained at
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FIG. 8. The absolute value of the quadratic term in the Arrhenius
plot σ 2

F − σ 2
T versus number of vertices Nv . For every value Nv , 100

networks of this size were generated and the distribution of the total
activation energies of the trees and two tree spanning forests were
computed. The error bars indicate the standard deviations.

�β < 0, so Tpeak > T0, and one would in fact assume T0 ∼
20 ◦C.

H. Deviations from the generic quadratic response

Both our theory and computer simulations demonstrate that
large networks show a generic Arrhenius plot with a quadratic
form. We now discuss deviations from this generic response
that might arise because of our mathematical assumptions.
We start with networks that have correlations between their
activation energies and show that the generic response persists
as long as such correlations are sufficiently dilute in large net-
works. We then discuss small networks and demonstrate that
they easily can be designed to give nonlinear Arrhenius plots.
We finally discuss the case of linear chains, which shows that
even large networks can deviate, because they contain only
few spanning trees.

1. Correlations

Our theory assumes that activation energies on different
edges are independent and that their summations over span-
ning trees and forests satisfy the conditions of the central
limit theorem. In real biochemical networks, the master equa-
tion description contains repeated reaction channels due to
multiplicity, so the corresponding activation energies are in
fact correlated. As an instructive example, consider an autore-
pressive production of species X :

Ẋ = k

1 + (
X
C

)n , (39)

where k is the production rate in the absence of X , C is a
reference concentration, and n is the Hill coefficient. In a
chemical master equation, the stochastic variable is the copy
number m of X (for multiple species, it is the product space
of all molecule counts). This yields a linear chain of reaction
steps with rates km = k

1+( m
c )n , with c being an appropriately

rescaled constant (see Fig. 13).

Since the Arrhenius equation gives k ∼ e−�βEA , all these
edges inherit the same activation energy EA, because they
are different instances of the same microscopic reaction. A
more precise bookkeeping of total activation energy should
therefore treat the energy of a spanning tree or forest as a
weighted sum of distinct reaction types:

ET =
∑
ki j

ni jEi j, (40)

where ni j ∈ N counts how many times that same reaction
appears in the tree or forest. Although the state space of such
master equations can be infinite in principle, in real biologi-
cal systems the number of copies is effectively bounded due
to resource limitations and hence it can be safely assumed
that the first two moments of ni j stay finite. Note that the
multiplicities ni j can themselves be treated as independent
random variables and consequently ni jEi j are independent
random variables again. As long as there are still sufficiently
many distinct, effectively independent reactions, Eq. (40) is
still the sum of many independent random variables and the
central limit theorem retains its validity. This argument also
applies to the possibility that the same network motif appears
several times in the network, as known for example from the
feed-forward chain appearing in the developmental network of
Caenorhabditis elegans [86]. Again this case could be reme-
died by introducing multiplicities ni j . Only if the network was
highly correlated throughout, would our generic prediction
break down.

2. Small networks

As an example for a small network, consider the Nv = 5
network depicted in Fig. 14(a). This network has two spanning
trees rooted at vertex 4 [see Fig. 14(b)]:

ZT = (k1 + k2)k3k4k5, (41)

and four two-tree spanning forests, where one tree is rooted at
vertex 4 and the other contains vertex 0 [see Fig. 14(c)]:

ZF = k1k4(k3 + k5) + k2k3(k4 + k5). (42)

Thus, the MFPT from 0–4 reads:

〈τ 〉 = ZF
ZT

= 1

k1 + k2

(
k1

k3
+ k2

k4

)
+ 1

k5
, (43)

which can give rise to the dependence in the Arrhenius plot
shown in Fig. 14(d) for realistic values for the rate constants
and activation energies.

The resulting temperature response no longer resembles
the linear slope of the Arrhenius equation; instead, it is
strongly curved, reaching a minimum around T = 35 ◦C and a
maximum around T = 18 ◦C. This implies that the global rate
would actually decrease with increasing temperature within
the temperature range typically relevant to biological systems.
This example illustrates that the temperature dependence in
medium-sized networks depends on microscopic details and
may generally be more complex.

An interesting case are networks with a single rate-limiting
step, i.e., a single reaction that proceeds significantly slower
than the rest of the reaction network. In this case, one might
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FIG. 9. Arrhenius plot for the rates to the different stages in the development of Drosophila melanogaster embryos, starting at the
14th nuclear division (A) adapted from [24] with quadratic fit to data. The residuals to the fit are shown below the main diagram.
The labeling of the stages follows the convention from the original authors: (a) rate from A to B (beginning of cellularization), R2 = 0.9587;
(b) rate from A to E (development of horizontal posterior midgut), R2 = 0.9909; (c) rate from A to H (full germ band retraction), R2 = 0.9952;
(d) rate from A to K (first breath), R2 = 0.9868.

naively expect that the Arrhenius equation for this reaction
dominates and that the global response becomes linear again.
However, this is not necessarily the case. Consider the mini-
mal example shown in Fig. 15. Observe that:

〈τ 〉 = ZF
ZT

= k + r + γ

kγ
=

(
1 + r

k

) 1

γ
+ 1

k
. (44)

If the step from 1–2 is rate limiting, i.e., γ 
 k, r, then:

〈τ 〉 ≈
(

1 + r

k

) 1

γ
, (45)

not just 1
γ

as one could naively expect. So, the ratio r
k ∼ eβ�E

also contributes even if γ is many orders of magnitude below
k and r. The reason for this is that temperature also impacts
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FIG. 10. Logarithmic developmental rate to the pupal stage of Drosophila melanogaster versus inverse temperature adapted from [25]
with quadratic fit. The residuals to the fit are shown below the main diagram. (a) For male specimen, R2 = 0.9950, (b) for female specimen,
R2 = 0.9950.

FIG. 11. Logarithmic developmental rate for the embryonic, pupal, and larval stage of Drosophila melanogaster [26] versus inverse
temperature with quadratic fit. The residuals to the fit are shown below the main diagram. (a) Embyonic development, R2 = 0.9976; (b) male
larval development, R2 = 0, 9838; (c) female larval development, R2 = 0.9808; (d) male pupal development, R2 = 0.9990; (e) female pupal
development, R2 = 0.9981.
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FIG. 12. The absolute value of the quadratic coefficient from the
quadratic fit to the data from [24] with the last cleavage as starting
point to later stages in development.

the equilibrium distribution. If γ is the rate-limiting step, one
can assume that the states 0 and 1 are effectively in their
equilibrium configuration, meaning that the flow from 0–1
must be equal to the flow from 1–0. Denoting the probability
to be in state 1 as p, this means:

k(1 − p) = r p ⇒ p = k

k + r
. (46)

The crucial point is that the system can only jump to 2 via 1,
and the rate must therefore be multiplied by the probability p
to be in 1. Hence, one gets:

〈τ 〉 = (pγ )−1 =
(

1 + r

k

) 1

γ
, (47)

which is the same result as before. One can therefore conclude
that separation of time scales is not sufficient to obtain a pure
Arrhenius dependence.

3. Linear chain

The generic quadratic behavior predicted here can be vio-
lated not only for small networks, but also for large networks,
which contain only few spanning trees. The simplest possi-
ble example is a linear chain of irreversible reactions, i.e.,
ki, j = kiδi+1, j , as illustrated in Fig. 16.

Then the corresponding graph is already a tree and thus its
own unique spanning tree:

∑
T[N+1]

w(T ) =
N∏

i=1

ki. (48)

FIG. 13. Describing the autorepressive reaction in Eq. (39) as a
master equation results in a linear chain of reactions where the rates
all scale with the same reaction rate k.

Also, for the spanning forests it is easy to see that there is
either exactly one or no combination:

∑
F i→ j

[ j,N+1]

w(F ) = 1

k j

N∏
i=1

kiδi� j . (49)

Then,

(−KT )−1 =

⎛
⎜⎜⎜⎝

k−1
1 k−1

2 . . . k−1
N

0 k−1
2 . . . k−1

N
...

...
. . .

...

0 0 0 k−1
N

⎞
⎟⎟⎟⎠. (50)

One finds for the first two moments:

〈τi〉 =
N∑

j=i

1

k j
, (51)

〈τ 2
i 〉 = 2

N∑
j=1

1

k j

N∑
l= j

1

kl
=

⎛
⎝ N∑

j=1

1

k j

⎞
⎠

2

+
N∑

j=1

1

k2
j

, (52)

which yields the standard deviation:

στ1 =
⎛
⎝ N∑

j=1

1

k2
j

⎞
⎠

1
2

(53)

and the coefficient of variation (CV) reads:

CVτ1 = στ1

〈τ1〉 =
⎛
⎝

∑N
j=1

1
k2

j

(
∑N

j=1
1
k j

)2

⎞
⎠

1
2

, (54)

meaning that CVτ1 → 0 for N → ∞ if most of the ki are of
comparable sizes [87], so the relative variation vanishes in the
limit of large chains.

If ki = k ∀i, one finds in general:

〈τ n〉i = 1

kn

(N + n − i)!

(N − i)!
, (55)

which are precisely the moments for an (N − i + 1)-
dimensional Erlang distribution (
 distribution with non-
negative integer as shape parameter) with λ = 1

k :

f τi (t ) = kN−i+1

(N − i + 1)!
tN−ie−kt , (56)

as it should be since this is precisely the distribution that arises
from summing up N − i iid exponentially distributed random
variables.

Note that the coefficient of variation (CV) reads:

CVτ1 = στ1

〈τ1〉 = 1√
N

N→∞→ 0, (57)

so the relative deviation from the mean becomes increasingly
small as the system size increases.

Moreover, the mean first-passage time for the whole pro-
cess, 〈τ 〉 = 〈τ0〉, given in Eq. (51) may be written in the limit
of large N as:

〈τ 〉 = N
〈
k−1

j

〉 = N
〈
k0

j
−1

e�βEj
〉
, (58)
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FIG. 14. Example network on five vertices with a strong deviation from an Arrhenius-like response. (a) Network, (b) spanning trees,
(c) spanning forests, (d) Arrhenius plot for the ratio (k1 : k2 : k3 : k4 : k5) = (2 : 2 : 5 : 0.1 : 2) at T0 = 300 K and E1 = 20 kJ

mol , E2 = 100 kJ
mol ,

E3 = 30 kJ
mol , E4 = 20 kJ

mol , and E5 = 80 kJ
mol .

writing k j as in Eq. (22). Assuming k0
j and Ej to be indepen-

dent, one finds:

ln 〈τ 〉 = ln 〈e�βEj 〉 + ln N + 〈
k0

j
−1〉

(59)

= ln 〈e�βEj 〉 + const. (60)

Compare this to Eq. (36): for the linear chain, there was only
a single spanning tree, so κ

ET
1 = ET and κET

n = 0 for n � 0.
The total activation energies of the forests Fi for i = 1, . . . , N
read:

EFi =
N∑

j=1
j �=i

E j = ET − Ei. (61)

One then obtains for the cumulant-generating function of EF :∑ �βn

n!
κEF

n = ln 〈e�βEF 〉 (62)

= ln e�βET + ln 〈e−�βEi〉 (63)

= �βET +
∞∑

n=1

�βn

n!
κEi

n . (64)

Inserting this into Eq. (36) yields:

ln 〈τ 〉 = �βET +
∞∑

n=1

�βn

n!
κEi

n − �βET + const. (65)

= ln 〈e�βEj 〉 + const., (66)

so indeed the same result as Eq. (60).

FIG. 15. A minimal example to show that a network with a
rate-limiting step does not necessarily yield a global Arrhenius equa-
tion dominated by this step.

The total activation energy of the forests only differs
from the total activation energy of the trees by a single Ei

and only the cumulant generating function of Ej but not a
sum over many activation energies remains. Therefore, there
is no longer a statistical limit N → ∞ for the distribution
and the expression will depend on the distribution of Ei. If
Ei is itself normal distributed, the quadratic dependence in
Eq. (37) is recovered. But choosing a uniform distribution
Ei ∼ U ([Emin, Emax]), one obtains:

〈e�βEj 〉 = 1

�E

∫ Emax

Emin

dEje
�βEj (67)

= 1

�E�β
(e�βEmax − e�βEmin ), (68)

with �E := Emax − Emin. Then Eq. (60) reads:

ln 〈τ 〉 = − ln �E�β + �βEmin + ln (e�β�E − 1)

= �β
Emax + Emin

2
+

∞∑
n=2

�En

n!

Bn

n
�βn, (69)

where Bn is the nth Bernoulli number. This corresponds to
the simulations performed by Crapse et al. [24], involving a

FIG. 16. (a) A linear chain of N reactions with reaction rates
ki, j = kiδi+1, j . (b) Spanning forests of the linear chain. For i � j, the
only corresponding spanning forest is the one without the k j edge.
For i > j, there is no such tree.
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chain of 1000 reactions with activation energies drawn from
a uniform distribution. The authors found that the results of
their simulation could not reproduce the quadratic shape that
they found describing their experimental data and therefore
discarded the possibility that it was a result of the complexity
of the network. In light of the analytical theory developed
here, that choice seems unfortunate because the linear chain is
too simplistic to allow for the large system limit. Additionally,
if they had chosen Ei ∼ N (〈E〉, σ 2), it would have resulted in
a quadratic shape.

III. DISCUSSION

Here we have shown that the generic temperature response
of large biochemical networks is quadratic in the Arrhenius
plot if the network has an imbalance of activation energies in
forward versus backward directions. This seems reasonable
for developmental processes and is supported by evidence
from in vitro studies with enzymes from Xenopus showing a
substantial imbalance in the activation energies of the cyclin
synthesis and degradation rates [48].

In order to make general statements on such networks,
we employed a statistical description, which does not require
knowledge of all activation energies. Instead, we only make
assumptions about their distribution, which is a reasonable
description for a large system size N , where not all degrees
of freedom can be known. Our discussion was based on
a general expression of the MFPT for arbitrary networks,
Eq. (19), which follows from graph theory [74] and has been
derived here in a pedagogical manner. We then rewrote this
formula in the language of statistical physics. The coefficients
appearing in the Taylor series of the logarithmic MFPT can
be interpreted in terms of the cumulants of the distribution
of the sums along the spanning trees and two-tree forests. If
this sum can be sufficiently well approximated by a Gaussian
distribution, this yields a quadratic dependence in the Arrhe-
nius plot, as described by Eq. (37). This is our main result,
namely the quadratic response as the natural description for
complex biochemical networks. This result need not apply for
a network which has similar distributions for the activation
energies for forward and backward directions, but this is un-
likely for developmental systems.

Being the result of evolution, the assumption that the ac-
tivation energies can be described as independent from each
other needs to be treated with care. We first note that cor-
relations arising from copies numbers in chemical master
equations are not a fundamental limitation of our theory,
because this effect can be described by multiplicities in the
relevant sums. We also note that duplication of the same motif
would not matter for the same reason. However, it could
well be that two network motifs have been duplicated and
then drifted apart during evolution. To date, no experimental
evidence seems to be available to determine how strong such
correlations might be in real developmental networks. How-
ever, since there are many different reactions involved in a
process such as the development of an embryo, some of which
are purely biochemical (like the phosphorylations occuring in
cell cycle control), some of which are more biophysical in na-
ture (like the growth of microtubules), it seems reasonable to
assume that most activation energies are indeed independent

of each other, especially when contained in different modules
of the overall network. Furthermore, generalizations of the
central limit theorem exist that allow for a weak degree of
dependence, e.g., correlations decaying with distance in the
network (see, for example, Ref. [88]). In the future, it might
be interesting to experimentally determine all activation ener-
gies in a network of interest and then to predict the resulting
temperature dependence using the formalism presented here.

The theory was validated numerically by drawing spanning
trees and two-tree spanning forests from a random graph
on Nv = 1000 vertices. Individual activation energies were
drawn from homogeneous distributions, also in order to avoid
using a Gaussian distribution from the start. We then com-
puted the histograms of their total activation energies, which
approach a normal distribution as expected from the central
limit theorem (Fig. 7). The global rate constant in an Ar-
rhenius plot is then of quadratic shape, and this quadratic
dependence becomes more pronounced for larger Nv , as pre-
dicted by the theory (Fig. 7).

Crapse et al. [24] suggested that the observed deviation
from a pure Arrhenius-equation was due to the biochemical
reactions not following an ideal Arrhenius-behavior, rather
than a result of the complexity of the system. They reached
that conclusion based on the simulation of a linear chain of
1000 reactions described by an Arrhenius-equation, which
failed to reproduce the observed quadratic response in the
Arrhenius plot. They also conducted an experiment measuring
the conversion of NAD+ to NADH via GAPDH catalysis and
found that this reaction does not follow a pure Arrhenius-like
dependence. However, closer inspection of their simulations
shows that the activation energies were chosen uniformly in
an energy range from 20 kJ

mol –100 kJ
mol and the prefactors in-

dependently at T0 = 295 K. Due to the absence of backward
rates and branching in this model, this leads to a different
series (see Sec. II H), for which the uniform distribution yields
infinitely many nonvanishing terms. If the activation energies
were chosen from a normal distribution, this would yield a
quadratic dependence also on this level. In contrast, our results
are more general and require fewer assumptions. Moreover,
the measurement of the temperature dependence of the rate of
the NAD+ to NADH reaction seems to be well described by a
linear fit in the Arrhenius-plot up to at least 35 ◦C. Indeed, for
higher temperatures, the denaturation of the involved enzymes
significantly decreases the reaction rate. The measurements
of the development rates only reached about 33 ◦C, though.
Therefore, this can most likely not explain the quadratic tem-
perature dependence observed over the entire range.

The theory developed so far is of course no longer valid
above the melting temperature of the proteins. Denaturation
substantially slows the reaction rates, and this is not described
by the Arrhenius equation [85,89]. This could explain the
curvature of the Arrhenius plots seen at small values of the
inverse temperature, in particular for temperatures of about
30 ◦C and above, where we observe that the high-temperature
data points (low inverse temperature) in Figs. 9–11 all lie
below the quadratic curve. In the measurement by Powsner
on the pupal development rates [Fig. 11(b)], the decrease is
most notable, and it is not unlikely that this indicates that the
denaturation threshold for a protein that is important for the
developmental progression is surpassed at these temperatures.

043011-14



GENERIC TEMPERATURE RESPONSE OF LARGE … PRX LIFE 3, 043011 (2025)

On the other hand, however, this observation also suggests that
the larger part of the curve should not be affected by protein
denaturation, and that our theory indeed captures the generic
behavior of this system. Future work could extend our theory
to include the effects of protein denaturation, for example, by
introducing it as an additional state in the network.

It should be mentioned that Powsner already noticed in his
work that the combination of a few reactions, each described
by an Arrhenius equation, does not necessarily yield a global
Arrhenius equation and hypothesized that the observed tem-
perature response may be a consequence of the complexity of
the underlying biochemical network. However, he did not give
a mathematical description as provided here.

The observation that the development rates can be well de-
scribed by a quadratic fit in the Arrhenius plot does not seem
to be limited to the fly as discussed above. Rombouts et al.
used it to fit the timing of the early cell cycles of Caenorhab-
ditis elegans, Caenorhabditis briggsae, Danio rerio, Xenopus
tropicalis, and Xenopus laevis [48], and Aquilanti et al. found
that a quadratic dependence in the Arrhenius plot is a good de-
scription for data on the respiration rate of Camellia Japonica
leaves [90].

Our result is a statement about large biochemical networks.
Due to the exponential nature of the Arrhenius equation, it
is reasonable to assume that this effect dominates more sub-
tle temperature dependencies, such as the dependence of the
diffusion constant on temperature. According to the Einstein
relation, the diffusion constant D is linear in T and a change
from T = 300 K to T = 310 K increases D by a mere 3%,
while chemical rates often double or triple under a change of
�T = 10 K [91]. Therefore, it seems justified to compare the
theory to data on developmental processes, without claiming
to capture every nuance of the effect of temperature on these
complex systems. If needed, the effect of temperature on the
diffusion constant can be included by decomposing binding
rates into diffusion and reaction parts [92].

The discussion in this work was limited to the mean of the
first-passage time, although the formalism in principle covers
all higher moments, too. The focus on the first moment seems
justified by the observation that the coefficient of variation
(standard deviation divided by mean) for the development
times of Drosophila embryos is in the order of a few percent
across different temperatures [81]. This results most likely
from a strong forward bias for the rates of a developmental
network with many steps such as cell cycle checkpoints and
cell division being practically irreversible. It is well known
that this tends to yield sharp FPT distributions around the
mean in the limit of large networks [80] (compare also the
example in Sec. II H).

The framework developed here was motivated by describ-
ing the temperature dependence of complex networks where
not all degrees of freedom are known. In this work, we fo-
cused on development, but as mentioned in Sec. I, there exist
other complex biological systems with interesting temperature
dependence, in particular in the contexts of fever and climate
change. Our results are relatively general statements about the
mean first-passage time of master equations and are therefore
not per se limited to biochemical networks and temperature
effects. The algorithm used to obtain the distributions of total
activation energies along trees and two-tree forests also pro-

FIG. 17. (a) A one-step master equation from state 1 to state N +
1, the latter one being absorbing. (b) Counting the two-tree spanning
forests rooted at N + 1 F1→ j

[ j,N+1] for this network.

vides a method for calculating the MFPT for large networks. It
may be worthwhile to explore how this compares to obtaining
the MFPT from simulations of stochastic dynamics [93], and
whether it can also be applied to study other network proper-
ties related to graph theory.

The idea to describe large reaction networks from a coarse-
grained perspective with appropriate approximations has been
discussed elsewhere [94], but neither the mean first-passage
time nor the possibility of describing the rate constants on
a statistical basis as proposed here seem to be explored so
far. First-passage time problems are ubiquitous in biology and
biochemistry [95,96] and it is very interesting how far one
can get without knowing all the details of the system under
consideration.
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APPENDIX A: OBTAINING THE MFPT BY COUNTING

To illustrate the application of the graph-theoretical ap-
proach used here, we derive the MFPTs for two examples,
which also can be obtained by applying Laplace transforms
[80].

1. One-step master equation

Consider the one-step master equation with forward rates
ki and backward rates ri as depicted in Fig. 17. Note that there
is only one spanning tree with all flow directed towards Nv ,
namely the one consisting only of the forward rates, meaning
that:

∑
T[N+1]

w(T ) =
N∏

i=1

ki. (A1)
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FIG. 18. (a) A simple KPR network on N + 1 states consisting of
a chain of forward rates ki and reset rates γi. (b) Counting the F1→ j

[ j,N+1]

for this network.

The F1→ j
[ j,N+1] are the chains which start off towards the right

and change their direction at j and possibly also at a later
vertex m. This is shown in Fig. 17(b). Therefore, one gets:

N∑
j=1

∑
F1→ j

[ j,N+1]

w(F ) =
N∑

m=1

m∑
j=1

j−1∏
α=1

kα

m∏
β=l+1

rβ

N∏
γ=m+1

kγ . (A2)

By Eq. (19), the MFPT is thus given by:

〈τ 〉 =
N∑

i=1

i∑
l=1

1

kl

i∏
m=l+1

rm

km
. (A3)

2. Simple kinetic proofreading

One can also derive the MFPT for a simple kinetic proof-
reading (KPR) scheme shown in Fig. 18 by correct counting.
Again, there is just one spanning tree, namely the one contain-
ing all ki. So one has again:

∑
T[N+1]

w(T ) =
N∏

i=1

ki. (A4)

The F1→ j
[ j,N+1] are the graphs with forward rates up to some

vertex j and either ki or γi for any i > j. This is illustrated
in Fig. 18(b). Therefore, one gets:

N∑
j=1

∑
F1→ j

[ j,N+1]

w(F ) =
N∑

j=1

j−1∏
i=1

ki

N∏
m= j+1

(km + γm) (A5)

and obtains for the MFPT:

〈τ 〉 =
N∑

j=1

1

k j

N∏
m= j+1

(
1 + γm

km

)
. (A6)

For the case that ki = k and γi = γ , this expression simplifies
to:

〈τ 〉 =
N∑

j=1

1

k

(
1 + γ

k

)N− j
=

(
1 + γ

k

)N − 1

γ
. (A7)

TABLE I. Fitting parameters for the normal distribution in Fig. 7.

Figures Nv ET
[

kJ
mol

]
EF

[
kJ

mol

]
7(a) and 7(b) 20 953.74 ± 51.22 914.26 ± 58.23
7(d) and 7(e) 100 4888.04 ± 179.66 4845.02 ± 183.05
7(g) and 7(h) 1.000 52756.76 ± 607.74 52696.46 ± 618.11

APPENDIX B: FITTING PARAMETERS FOR THE
FIGURES IN THE MAIN TEXT

The parameters for the fitted normal distributions for the
distribution of the total activation energies of the spanning
trees and spanning forests in Fig. 7 are listed in Table I.

Quadratic function of the shape ln k = aT −2 + bT −1 + c
were fitted to the data in Figs. 9–11. The corresponding
parameters and the standard errors are listed in listed in
Table II.

APPENDIX C: GENERATING THE TOTAL ACTIVATION
ENERGY DISTRIBUTIONS

The base graphs for the simulations in Sec. II E were
generated randomly, with the intent to display fundamental
characteristics of a biochemical network involved in a devel-
opmental process. Specifically:

(i) There must be a path from any vertex to the final vertex
N + 1;

(ii) The distance from vertex 0 to N + 1 should be rela-
tively large.

For these reasons, the standard Erdős-Rényi model, which
creates edges with a fixed probability, was deemed inappro-
priate. Instead, the base graph was constructed and the total
activation energies of the trees and two-tree spanning forests
were generated using the following procedure:

(i) A function was defined to generate a random skeleton
graph on n vertices, organized into a hierarchical structure
with the following properties:

(1) The first layer contains a single source vertex, and
the final layer contains a single target vertex.

(2) The remaining vertices are assigned to intermediate
layers with a probability pk , where k is the number of

TABLE II. Fitting parameters for the quadratic fit of the data
from [24–26] shown in the main text in Figs. 9–11, respectively.

Figure a [107K2] b [105K] c [102 ln h−1]

9(a) −1.06 ± 0.31 0.68 ± 0.21 −1.10 ± 0.36
9(b) −1.81 ± 0.13 1.19 ± 0.09 −1.98 ± 0.15
9(c) −1.96 ± 0.14 1.30 ± 0.09 −2.17 ± 0.16
9(d) −1.71 ± 0.27 1.13 ± 0.19 −1.88 ± 0.31
10(a) −1.48 ± 0.06 0.97 ± 0.04 −1.60 ± 0.07
10(b) −1.47 ± 0.06 0.97 ± 0.04 −1.59 ± 0.07
11(a) −1.74 ± 0.07 1.14 ± 0.04 −1.88 ± 0.08
11(b) −2.62 ± 0.18 1.73 ± 0.12 −2.89 ± 0.21
11(c) −2.36 ± 0.22 1.56 ± 0.15 −2.59 ± 0.25
11(d) −1.80 ± 0.04 1.18 ± 0.03 −1.96 ± 0.06
11(e) −1.75 ± 0.07 1.15 ± 0.04 −1.91 ± 0.08
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FIG. 19. Part one of the algorithm. The first steps in the algo-
rithm to get a random two-tree forests F of graph G: (a) an example
graph G, (b) find a random spanning tree of G and remove an edge
from it to obtain two components, (c) add to the tree without vertex
N + 1 any (y, x) ∈ E (G), if (x, y) is on the tree.

vertices already in the current layer. If not added to the
current layer, the vertex is assigned to the next layer.

(3) Each vertex is connected by an outgoing edge to a
randomly chosen vertex in the next layer and to an incom-
ing edge from a randomly chosen vertex in the previous
layer.
This protocol ensures that the first vertex acts as a source

and the final vertex as a target.
(ii) The function was then used to generate the main graph

with N vertices, divided into n clusters:
(1) The N vertices were randomly partitioned into n

nonempty sets.
Each cluster was generated as a skeleton graph for the

vertices in one partition set. To also include reversible steps
within clusters, a back rate was added to each edge with a
probability q.

(2) A skeleton graph on n vertices was then generated
to represent the interconnections between clusters. In this
skeleton, each vertex was replaced by a cluster, ensuring
that the source and target vertices of the cluster corre-
sponded to the edges in the skeleton graph.
The resulting graph has a global source and a global target

vertex that are relatively far apart. Additionally, it contains
reversible steps within clusters and irreversible steps between
clusters.

(iii) For the reaction rates, an N × N matrix was gener-
ated, with entries Ei j interpreted as activation energies for the
ki j rates:

(1) Entries above the main diagonal (i < j) represent
forward rates and entries below the main diagonal (i > j)
represent backward rates.

FIG. 20. Part two of the algorithm. Illustration to show that any
two-tree spanning forest is the subgraph of some graph constructed
as in Fig. 19: (a) choose any two-tree spanning forest, (b) choose a
path from k to N + 1 in G, (c) add path to forest and remove opposite
edges.

FIG. 21. Part three of the algorithm. The initial partitions are
degenerate; some subgraphs are induced by more trees than others:
(a) the same subgraph is induced by removing an edge of two differ-
ent spanning trees, (b) a subgraph that can only be obtained by edge
removal from a single spanning tree.

(2) The activation energies were drawn from uni-
form probability distributions. For the forward rates
from [60 kJ

mol , 100 kJ
mol ] and for the backward rates from

[20 kJ
mol , 60 kJ

mol ].
Uniform distributions were chosen as a parsimonious al-

ternative to Gaussian-like distributions, reflecting the typical
range of activation energies in biochemical reactions [24,85].

(iv) To study the behavior for large N , 100 graphs were
generated for N + 1 = 10 to N + 1 = 100 in steps of 10, and
for N + 1 = 200 to N + 1 = 1000 in steps of 100.

(1) For all cases, n = N/10 and p = q = 0.5 were cho-
sen.

(2) The distributions of total activation energies for
spanning trees and two-tree spanning forests were com-
puted.

(3) 10000 spanning trees and at least 10000 two-tree
spanning forests were sampled for each case.
The results of these simulations are presented in the main

text.

APPENDIX D: ALGORITHM TO COMPUTE THE MEAN
FIRST-PASSAGE TIME IN GRAPH-THEORETICAL

FRAMEWORK

To evaluate expressions such as Eq. (25) for large net-
works, it is necessary to consider all spanning trees and
two-tree spanning forests. As discussed in the main text, the
number of such graphs grows very rapidly with the size of
the network. Except in cases where the network has a sim-
ple, recurrent structure (such as the examples provided in
Appendix A), obtaining all these graphs quickly becomes im-
practical. Therefore, a probabilistic approach is more feasible
to obtain a representative sample of the required spanning
trees and two-tree spanning forests. Note that Eq. (25) is given
by:

〈τ 〉 = |F |
|T |

1
|F |

∑
F w(F )

1
|T |

∑
T w(T )

= |F |
|T |

〈w(F )〉F
〈w(T )〉T , (D1)

where
∑

T and
∑

F denote sums over all appropriate span-
ning trees and two-tree spanning forests, respectively. An
algorithm to evaluate this expression thus has three objec-
tives:

(i) Sample T at random and evaluate 〈w(T )〉;
(ii) Sample F at random and evaluate 〈w(F )〉;
(iii) Determine the ratio |F |

|T | .
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Objective 1. Sampling random trees T rooted at vertex N +
1 is a well-known problem in graph theory [71]. The most
efficient solution is Wilson’s algorithm [84], which is based
on a loop-erased random walk.

Objective 2. Sampling random two-tree forests F , where
one tree is rooted at vertex N + 1 and the other one is rooted
at any another vertex and contains the initial vertex 1, involves
multiple steps to ensure that all possible forests are drawn with
equal probability.

Start by drawing a random spanning tree T from the full
graph (e.g., using Wilson’s algorithm) and remove a random
edge (r, v) from the path from 1 to N + 1 in T . While the
resulting graph is a two-tree spanning forest with r and N + 1
as roots of the two trees, this procedure does not yield all
possible two-tree spanning forests. This is immediately clear
when considering the example of a one-step master equa-
tion as discussed in Appendix A: the (in this case unique)
spanning tree does not contain any back rates, which are,
however, present on most two-tree spanning forest. To take
this into account, for any edge (x, y) on the tree without vertex
N + 1, (y, x) has to be added to the tree, if (y, x) ∈ E (G). Call
the resulting subgraph T̃1. The other component T2 is a tree
rooted at N + 1 and will indeed be one of the two trees of the
forest. These first steps are illustrated in Fig. 19.

Any two-tree spanning forest F on G is a subgraph of some
T̃1 ∪ T2 obtained this way. To see this, let T ′

k and T ′
N+1 be the

two trees in F with roots k and N + 1, respectively. Choose a
path from k to N + 1 in G, follow it and add all its edges to
T ′

k ∪ T ′
N+1 until the path reaches a vertex in T ′

N+1 for the first
time. Remove any edges that point in opposite direction to
the edges that were added. The resulting graph will then be a
spanning tree of G. If T̃1 ∪ T2 is constructed from it identifying
the last edge added from the path as (r, v), one has T ′

k ⊆ T̃1

and T ′
N+1 = T2. This construction is illustrated in Fig. 20.

Next, identify all two-tree spanning forests in T̃1 ∪ T2. This
requires finding all vertices that can serve as roots for a span-
ning tree of T̃1. These vertices are precisely those reachable
from r in T̃1, R = {r0, . . . , rm} with r0 := r, and can be found
using basic breadth-first or depth-first search algorithms [97].
Construct the spanning tree T1,ri ⊆ T̃1 for each i = 0, . . . m.
Note that there is exactly one such tree for each ri because the
graph obtained from turning all edges of T̃1 into undirected
edges is a (undirected) tree and a given root uniquely defines
its orientation.

Now each T1,ri ∪ T2 yields a two-tree spanning forest and
any two-tree spanning forest can be obtained from such a
construction. But there is still one caveat: so far, these forests
do not constitute a uniformly drawn sample because some
forests are more likely to be obtained than others.

The first problem is that the same T̃1 ∪ T2 partition may be
obtained from different spanning trees, as is shown in Fig. 21.

The degeneracy d is precisely the number of directed edges
from R to T2 and the probability of obtaining this partition is
proportional to the degeneracy. To ensure the same probability
for all partitions, one should accept a partition with probability
P(accept T̃1 ∪ T2) = d−1.

The second problem arises from the fact that the number
of ri is not the same for different T̃1, as shown in Fig. 22.
Indeed, if only one T1,ri ⊆ T̃1 were chosen, the probability

FIG. 22. Part four of the algorithm. The partitions can contain a
different number of potential roots, which has to be accommodated
for to ensure a uniformly-drawn sample. (a) A partition where T̃1

contains two roots (green vertices). (b) A partition where T̃1 contains
one root (green vertex).

to choose T̃1 in the first place should be proportional to |R|.
However, achieving this for general networks would require
accepting it with a probability of |R|

N , which is too small to be
an efficient method for generating spanning forests. Since one
is only interested in sampling the mean, it is more practical to
keep all the T1,ri for i = 0, . . . m instead.

Note that if one only seeks to evaluate Eq. (D1), there
is a third possibility that is even simpler: one may directly
compute:

〈w(F )〉F =
∑M

m=1
|Rm|
dm

w(Fm)∑M
m=1

|Rm|
dm

, (D2)

where M is the number of two-tree forests that were drawn,
Fm the mth forest and |Rm| and dm the number of its roots and
its degeneracy, respectively.

The essential steps to get the two-tree spanning forests and
the weights are summarized as a pseudocode (Algorithm 1).

However, the objective of the simulations performed for
this work was to obtain the probability distributions of the
total activation energies along the two-tree spanning forests,
which requires a uniformly drawn base sample. Therefore, the
slightly more complicated and wasteful procedure explained
before was used.

Objective 3. Finding |F |
|T | can be integrated in the part where

the two-tree spanning forests are generated. Note that any
spanning tree has as many edges that can be removed, as
there are edges on the path from 1 to N + 1. Once an edge
is removed, there are |R| two-tree spanning forests obtained
from this tree. However, these are obtained from d different
spanning trees, and one has to correct for this again. In total,
the ratio can be estimated as:

|F |
|T | = 1

M

M∑
m=1

Lm
|Rm|
dm

, (D3)

where Lm is the length of the path from 1 to N + 1 on the mth
tree. Observe that Eq. (D2) can now be written as:

〈w(F )〉F = 1

M

|T |
|F |

∑M
m=1 Ln

|Rn|
dn∑M

m=1
|Rn|
dn

M∑
m=1

Lm
|Rm|
dm

w(Fm), (D4)
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ALGORITHM 1. Find random spanning forests of two trees of
the directed graph G.

and inserting this into Eq. (D1) yields:

〈τ 〉 = 1

M

∑M
m=1 Ln

|Rn|
dn∑M

m=1
|Rn|
dn

∑M
m=1 Lm

|Rm|
dm

w(Fm)

〈w(T )〉T . (D5)

So, this method does not even require to explicitly calculate
|F |
|T | . To illustrate that the sampling algorithm for the two-tree
spanning forests works, it was applied to the one-step master
equation from Appendix A. The two-tree spanning forests
were already characterized before. They consist of all choices
of j < N + 1 and j � m < N − 1 corresponding to the forest
with back rates from m to j and forward rates otherwise
[compare also Fig. 17(b)]. So for a fixed number of back rates
l = m − j, there are exactly N − l choices for j and hence,
N − l corresponding forests. In total, this means there are∑N

l=0(N − l ) = N (N+1)
2 forests. So, if one draws uniformly a

two-tree spanning forest, the probability p(l ) that it has l back
rates is given by:

p(l ) = 2

N (N + 1)
(N − l ). (D6)

The exact distribution for p(l ) was compared to the one ob-
tained by sampling with the algorithm for a one-step master
equation on 100 vertices, and one observes that the simulated
distribution indeed converges to the exact solution, confirming
that the algorithm yields a uniform sample (see Fig. 23)

The convergence of the MFPT obtained via the algorithm
to the correct value is shown in Fig. 24(a). The exact value is
given by Eq. (A3).

An advantage of this algorithm over simulating the
stochastic dynamics of the network is that it allows a sam-
ple of spanning trees and two-tree spanning forests to be
generated once, enabling the computation of the mean first-
passage time for different rates without regenerating the
sample. This facilitates studying the impact of changing
rates without the need to redo the entire simulation each
time. To illustrate this, one sample of spanning forests of
50176 spanning forests (from 1000 draws) was generated
and the values of the MFPT were calculated for ki = 1
from ri = 0 to ri = 0.9 for all i. The result is again com-
pared to the exact solution given in Eq. (A3). This is shown
in Fig. 24(b).

FIG. 23. Distribution of the number of back rates on the two-tree spanning forests for samples of increasing size n generated by the
algorithm. The base graph is a linear graph on 100 vertices with forward and backward rates (one-step master equation). The black curve
shows the exact distribution from the analytical formula. (a) n = 10. (b) n = 100. (c) n = 1000.
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FIG. 24. The algorithm applied to the one-step master equation. (a) MFPT obtained by the algorithm for an increasing number of two-tree
spanning forests compared to the theoretical value for a one-step master equation on 100 vertices with forward rates ki = 1 and backward rates
ri = 0.5 for all i. (b) MFPT from same sample of two-tree spanning forests for different values of the back rate r compared to the exact result.

[1] C. M. Blatteis, Fever: Pathological or physiological, injurious
or beneficial? J. Therm. Biol. 28, 1 (2003).

[2] IPCC, Synthesis Report of the IPCC Sixth Assessment Report
(ar6) (IPCC, Geneva, Switzerland, 2023).

[3] F. García et al., Changes in temperature alter the relationship
between biodiversity and ecosystem functioning, Proc. Natl.
Acad. Sci. USA 115, 10989 (2018).

[4] S. Arrhenius, Über die Reaktionsgeschwindigkeit bei der In-
version von Rohrzucker durch Säuren, Z. Phys. Chem. 4, 226
(1889).

[5] S. Logan, The origin and status of the Arrhenius equation,
J. Chem. Educ. 59, 279 (1982).

[6] H. Kramers, Brownian motion in a field of force and the diffu-
sion model of chemical reactions, Physica 7, 284 (1940).

[7] P. Hänggi, P. Talkner, and M. Borkovec, Reaction-rate the-
ory: Fifty years after Kramers, Rev. Mod. Phys. 62, 251
(1990).

[8] H. Eyring, The activated complex in chemical reactions,
J. Chem. Phys. 3, 107 (1935).

[9] M. Evans and M. Polanyi, Some applications of the transition
state method to the calculation of reaction velocities, especially
in solution, Trans. Faraday Soc. 31, 875 (1935).

[10] J. C. Bischof and X. He, Thermal stability of proteins, Ann.
N.Y. Acad. Sci. 1066, 12 (2006).

[11] M. L. Begasse et al., Temperature dependence of cell division
timing accounts for a shift in the thermal limits of C. Elegans
and C. Briggsae, Cell Rep. 10, 647 (2015).

[12] L. Fujise et al., Cell cycle dynamics of cultured coral en-
dosymbiotic microalgae (symbiodinium) across different types
(species) under alternate light and temperature conditions,
J. Eukaryotic Microbiol. 65, 505 (20018).

[13] C. Rieder and H. Maiato, Stuck in division or passing through:
Review what happens when cells cannot satisfy the spindle
assembly checkpoint, Dev. Cell 7, 637, (2004).

[14] A. Moore et al., Effects of temperature shift on cell cycle,
apoptosis and nucleotide pools in CHO cell batch cultues,
Cytotechnology 23, 47 (1997).

[15] T. Hayashida et al., The CCGF/TAE250 gene is mutated in
thermosensitive G1 mutants of the BHK21 cell line derived
from golden hamster, Gene, 41, 247 (1994).

[16] P. Rao and J. Engelberg, Hela cells: Effects of temperature on
the life cycle, Science 148, 1092 (1965).

[17] J. Sisken, L. Morasca, and S. Kibby, Effects of temperature on
the kinetics of the mitotic cycle of mammalian cells in culture,
Exp. Cell Res. 39, 103 (1965).

[18] I. Watanabe and S. Okada, Effects of temperature on growth
rate of cultured mammalian cells (L5178Y), J. Cell Biol. 32,
309 (1967).

[19] H. Falahati et al., Temperature-induced uncoupling of cell cycle
regulators, Dev Biol. 470, 147 (2021).

[20] H. J. Evans and J. R. K. Savage, The effect of temperature on
mitosis and on the action of colchicine in root meristem cells of
Vicia faba, Exp. Cell Res. 18, 51 (1959).

[21] O. Oleksiuk et al., Thermal robustness of signaling in bacterial
chemotaxis, Cell 145, 312 (2011).

[22] M. Vanoni, M. Vai, and G. Frascotti, Effects of temperature on
the yeast cell cycle analyzed by flow cytometry, Cytometry 5,
530 (1984).

[23] V. Zachleder et al., Cell cycle arrest by supraoptimal temper-
ature in the alga Chlamydomonas reinhardtii, Cells 8, 1237
(2019).

[24] J. Crapse et al., Evaluating the Arrhenius equation for develop-
mental processes, Mol. Syst. Biol. 2021, e9895 (2021).

[25] C. Bliss, Temperature characteristics for prepupal development
in drosophila melanogaster, J. Gen. Physiol. 9, 467 (1926).

[26] L. Powsner, The effects of temperature on the durations of the
developmental stages of drosophila melanogaster, Physiolog.
Zoology 8, 474 (1935).

043011-20

https://doi.org/10.1016/S0306-4565(02)00034-7
https://doi.org/10.1073/pnas.1805518115
https://doi.org/10.1515/zpch-1889-0116
https://doi.org/10.1021/ed059p279
https://doi.org/10.1016/S0031-8914(40)90098-2
https://doi.org/10.1103/RevModPhys.62.251
https://doi.org/10.1063/1.1749604
https://doi.org/10.1039/TF9353100875
https://doi.org/10.1196/annals.1363.003
https://doi.org/10.1016/j.celrep.2015.01.006
https://doi.org/10.1111/jeu.12497
https://doi.org/10.1016/j.devcel.2004.09.002
https://doi.org/10.1023/A:1007919921991
https://doi.org/10.1126/science.148.3673.1092
https://doi.org/10.1016/0014-4827(65)90012-1
https://doi.org/10.1083/jcb.32.2.309
https://doi.org/10.1016/j.ydbio.2020.11.010
https://doi.org/10.1016/0014-4827(59)90290-3
https://doi.org/10.1016/j.cell.2011.03.013
https://doi.org/10.1002/cyto.990050515
https://doi.org/10.3390/cells8101237
https://doi.org/10.15252/msb.20209895
https://doi.org/10.1085/jgp.9.4.467
https://doi.org/10.1086/physzool.8.4.30151263


GENERIC TEMPERATURE RESPONSE OF LARGE … PRX LIFE 3, 043011 (2025)

[27] D. Ratkowsky et al., Relationship between temperature and
growth rate of bacterial cultures, ASM J. Bacteriol. 149, 1
(1982).

[28] F. Johnson, H. Eyring, and B. Stover, The Theory of Rate
Processes in Biology and Medicine (John Wiley and Sons, New
York, 1974).

[29] J. M. Membré et al., Temperature effect on bacterial growth
rate: Quantitative microbiology approach including cardinal
values and variability estimates to perform growth simulations
on/in food, Int. J. Food Microbiol. 100, 179 (2005).

[30] H. Thormar, Effect of temperature on the reproduction rate of
tetrahymena pyriformis, Exp. Cell. Res. 28, 269 (1962).

[31] F. A. M. Alberghina, Growth regulation in Neurospora crassa
effects of nutrients and of temperature, Arch. Microbiol. 89, 83
(1973).

[32] T. Yoshida et al., Temperature effects on the egg development
time and hatching success of three acartia species (Copepoda:
Calanoida) from the Strait of Malacca, Zool. Stud. 51, 644
(2012).

[33] J. Choi et al., Probing and manipulating embryogenesis via
nanoscale thermometry and temperature control, Proc. Nat.
Acad. Sci. USA 117, 14636 (2020).

[34] A. Dell, S. Pawara, and V. Savage, Systematic variation in the
temperature dependence of physiological and ecological traits,
Proc. Natl. Acad. Sci. USA 108, 10591 (2011).

[35] J. Hastings and B. Sweeney, On the mechanism of temperature
independence in a biological clock, Proc. Nat. Acad. Sci. USA
43, 804 (1957).

[36] P. Ruoff et al., Modeling temperature compensation in chemical
and biological oscillators, Chronobiol. Int. 14, 499 (1997).

[37] P. Ruoff, M. Vinsjevik, and L. Rensing, Temperature compensa-
tion in biological oscillators: A challenge for joint experimental
and theoretical analysis, Comments Theor. Biol. 5, 361 (2000).

[38] P. Ruoff et al., Temperature dependency and temperature com-
pensation in a model of yeast glycolytic oscillations, Biophys.
Chem. 106, 179 (2003).

[39] D. Virshup and D. Forger, Keeping the beat in the rising heat,
Cell 137, 602 (2009).

[40] J. Leloup and A. Goldbeter, Temperature compensation of cir-
cadian rhythms: Control of the period in a model for circadian
oscillations of the per protein in Drosophila, Chronobiol. Int.
14, 511 (1997).

[41] C. Hong and J. Tyson, A proposal for temperature compensation
of the circadian rhythm in Drosophila based on dimerization of
the per protein, Chronobiol. Int. 14, 521 (1997).

[42] C. Pittendrigh, On temperature independence in the clock sys-
tem controlling emergence time in Drosophila, Proc. Nat. Acad.
Sci. USA 40, 1018 (1954).

[43] P. Kidda, M. Younga, and E. Siggia, Temperature compensation
and temperature sensation in the circadian clock, Proc. Nat.
Acad. Sci. USA 112, E6284 (2015).

[44] C. Vibe, The temperature response of the medaka segmentation
clock and its link to robustness in embryonic patterning, Ph.D.
thesis, University of Heidelberg, Germany, 2021.

[45] K. Valeur and R. degli Agosti, Simulations of temperature sensi-
tivity of the peroxidase–oxidase oscillator, Biophys. Chem. 99,
259 (2002).

[46] P. Ruoff, Introducing temperature-compensation in any reac-
tion kinetic oscillator model, J. Interdiscipl. Cycle Res. 23, 92
(1992).

[47] J. Bourn and M. Dorrity, Degrees of freedom: Temperature’s
influence on developmental rate, Curr. Opin. Gen. Dev. 85,
102155 (2024).

[48] J. Rombouts Jr., F. Tavella, A. Vandervelde, C. Phong, J. E.
Ferrell, Q. Yang, and L. Gelens, Mechanistic origins of temper-
ature scaling in the early embryonic cell cycle, Nat. Commun.
16, 8045 (2025).

[49] J. J. Tyson, K. C. Chen, and B. Novak, Sniffers, buzzers, toggles
and blinkers: Dynamics of regulatory and signaling pathways in
the cell, Curr. Opin. Cell Biol. 15, 221 (2003).

[50] D. Ratkowsky, J. Olley, and T. Ross, Unifying temperature ef-
fects on the growth rate of bacteria and the stability of globular
protein, J. Theor. Biol. 233, 351 (2005).

[51] R. Schoolfield, P. Sharpe, and C. Magnuson, Non-linear regres-
sion of biological temperature-dependent rate models based on
absolute reaction-rate theory, J. Theor. Biol. 88, 719 (1981).

[52] T. Wagner et al., Modeling insect development rates: A lit-
erature review and application of a biophysical model, Ann.
Entomol. Soc. Am. 77, 208 (1984).

[53] J. Knies and J. Kingsolver, Erroneous Arrhenius: Modified
Arrhenius model best explains the temperature dependence of
ectotherm fitness, Am. Nat. 176, 227 (2010).

[54] S. Iyer-Biswas et al., Scaling laws governing stochastic growth
and division of single bacterial cells, Proc. Nat. Acad. Sci USA
111, 15912 (2014).

[55] B. Quinn, A critical review of the use and performance of
different function types for modeling temperature-dependent
development of arthropod larvae, J. Therm. Biol. 63, 65
(2017).

[56] F. Rebaudo and V. Rabhi, Modeling temperature-dependent
development rate andphenology in insects: Review of major
developments, challenges, and future directions, Entomol. Exp.
Appl. 166, 607 (2018).

[57] B. Régnier, J. Legrand, and F. Rebaudo, Modeling temperature-
dependent development rate in insects and implications of
experimental design, Environ Entomol. 51, 132 (2022).

[58] X. Yin et al., A nonlinear model for crop development as a
function of temperature, Agric. For. Meteorol. 77, 1 (1995).

[59] M. Zwietering et al., Modeling of bacterial growth as a function
of temperature, Appl. Environ. Microbiol. 57, 1094 (1991).

[60] F. Guerrero, J. M. Blanco, and V. Rodríguez, Temperature-
dependent development in marine copepods: A comparative
analysis of models, J. Plankton Res. 16, 95 (1994).

[61] W. Müller-Esterl, Biochemie (Springer Spektrum, Berlin,
2018).

[62] W. Müller, Developmental Biology (Springer Science & Busi-
ness Media, Berlin, 1996).

[63] T. Gillespie, A rigorous derivation of the chemical master equa-
tion, Physica A 188, 404 (1992).

[64] D. Schnoerr, G. Sanguinetti, and R. Grima, Approximation
and inference methods for stochastic biochemical kinetics—a
tutorial review, J. Phys. A: Math. Theor. 50, 093001 (2017).

[65] K. Nam, R. Martinez-Corral, and J. Gunawardena, The lin-
ear framework: Using graph theory to reveal the algebra and
thermodynamics of biomolecular systems, Interface Focus 12,
20220013 (2022).

[66] S. Redner, A Guide to First-Passage Processes (Cambridge
University Press, Cambridge, 2001).

[67] N. van Kampen, Stochastic Processes in Physics and Chemistry
(North-Holland, Amsterdam, 2004).

043011-21

https://doi.org/10.1128/jb.149.1.1-5.1982
https://doi.org/10.1016/j.ijfoodmicro.2004.10.015
https://doi.org/10.1016/0014-4827(62)90283-5
https://doi.org/10.1007/BF00425025
https://doi.org/10.1073/pnas.1922730117
https://doi.org/10.1073/pnas.1015178108
https://doi.org/10.1073/pnas.43.9.804
https://doi.org/10.3109/07420529709001471
https://doi.org/10.1016/s0301-4622(03)00191-1
https://doi.org/10.1016/j.cell.2009.04.051
https://doi.org/10.3109/07420529709001472
https://doi.org/10.3109/07420529709001473
https://doi.org/10.1073/pnas.40.10.1018
https://doi.org/10.1073/pnas.1511215112
https://doi.org/10.1016/S0301-4622(02)00226-0
https://doi.org/10.1080/09291019209360133
https://doi.org/10.1016/j.gde.2024.102155
https://doi.org/10.1038/s41467-025-62918-0
https://doi.org/10.1016/S0955-0674(03)00017-6
https://doi.org/10.1016/j.jtbi.2004.10.016
https://doi.org/10.1016/0022-5193(81)90246-0
https://doi.org/10.1093/aesa/77.2.208
https://doi.org/10.1086/653662
https://doi.org/10.1073/pnas.1403232111
https://doi.org/10.1016/j.jtherbio.2016.11.013
https://doi.org/10.1111/eea.12693
https://doi.org/10.1093/ee/nvab115
https://doi.org/10.1016/0168-1923(95)02236-Q
https://doi.org/10.1128/aem.57.4.1094-1101.1991
https://doi.org/10.1093/plankt/16.1.95
https://doi.org/10.1016/0378-4371(92)90283-V
https://doi.org/10.1088/1751-8121/aa54d9
https://doi.org/10.1098/rsfs.2022.0013


JULIAN B. VOITS AND ULRICH S. SCHWARZ PRX LIFE 3, 043011 (2025)

[68] T. Kanesaki, C. M. Edwards, U. S. Schwarz, and J. Grosshans,
Dynamic ordering of nuclei in syncytial embryos: A quantita-
tive analysis of the role of cytoskeletal networks, Integr. Biol. 3,
1112 (2011).

[69] J. Rodenfels, K. M. Neugebauer, and J. Howard, Heat oscilla-
tions driven by the embryonic cell cycle reveal the energetic
costs of signaling, Dev. Cell 48, 646 (2019).

[70] J. E. Ferrell, T. Y.-C. Tsai, and Q. Yang, Modeling the cell cycle:
Why do certain circuits oscillate? Cell 144, 874 (2011).

[71] R. Lyons and Y. Peres, Probability on Trees and Networks
(Cambridge University Press, Cambridge, 2017), Vol. 42.

[72] J. Honerkamp, Stochastic Dynamical Systems: Concepts, Nu-
merical Methods, Data Analysis (John Wiley & Sons, New
York, 1996).

[73] K. Nam, Algebraic approaches to molecular information pro-
cessing, Ph.D. thesis, Harvard University, 2021.

[74] K. Nam and J. Gunawardena, The linear framework II: Using
graph theory to analyze the transient regime of Markov pro-
cesses, Front. Cell Dev. Biol. 11, 1233808 (2023).

[75] F. Khodabandehlou, C. Maes, and K. Netočný, Trees and forests
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