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Active gel theory for cell migration with two myosin isoforms
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Myosin II molecular motors slide actin filaments relatively to each other and are essential for force generation,
motility, and mechanosensing in animal cells. For nonmuscle cells, evolution has resulted in three different
isoforms, which have different properties concerning the motor cycle and also occur in different abundances
in the cells, but their respective biological and physical roles are not fully understood. Here we use active gel
theory to demonstrate the complementary roles of isoforms A and B for cell migration. We first show that our
model can be derived both from coarse-graining kinetic equations and from nonequilibrium thermodynamics
as the macroscopic limit of a two-component Tonks gas. We then parametrize the model and show that motile
solutions exist, in which the more abundant and more dynamic isoform A is localized to the front and the
stronger isoform B to the rear, in agreement with experiments. Exploring parameter space beyond the isoform
parameters typical for animal cells, we also find cell oscillations in length and velocity, which might be realized
for genetically engineered systems. We also describe an analytical solution for the stiff limit, which then is used
to calculate a state diagram, and the effect of actin polymerization at the boundaries that leads to an imperfect
pitchfork bifurcation. Our findings highlight the importance of including isoform-specific molecular details to
describe whole cell behavior.
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I. INTRODUCTION

Cell migration is an essential process for any living or-
ganism. In multicellular animals like humans, it is important
mainly for embryonic development [1], wound healing [2],
and the immune response [3] but also for the spread of cancer
[4]. It is strongly linked to the underlying molecular pro-
cesses, because cells have to generate force and movement
that is converted into consistent migration on the cell scale.
This function is provided by the cytoskeleton, a collection
of polymer networks. Cells can push their envelope forward
by polymerization of these filaments. They also can gen-
erate pulling forces by sliding them relative to each other
with molecular motors. For animal cells, pushing and pulling
forces are generated mainly by actin filaments and myosin II
molecular motors. In cell migration, they go hand in hand,
because the actin networks generated by polymerization are
pulled backward by myosin II motors. The resulting retro-
grade flow is then transmitted to the substrate by adhesions
and thus generates forward motion of the cell [5]. Migration
requires a cyclic process that converts energy provided in the
form of ATP into force and movement. Moreover, initiation of
motility requires a symmetry break between front and back,
which can be either spontaneous or driven by some exter-
nal cue [6–8]. Usually this break of symmetry is related to
activation of the Rac/Cdc42 and RhoA pathways, which for
quantitative experiments can be controlled by optogenetics
[9–11].

*Contact author: schwarz@thphys.uni-heidelberg.de

In nonmuscle animal cells contractile stress for cell motil-
ity is produced by motor proteins of the nonmuscle myosin II
(NMII) family [12]. Evolution has resulted in three isoforms,
namely NMIIA, NMIIB, and NMIIC [13]. After activation
of the Rho pathway, the myosin motors are assembled into
minifilaments that typically mix different isoforms [13,14].
These minifilaments then bind to the actin cytoskeleton, gen-
erate stress, and at the same time are advected with the
resulting cytoskeletal flow. In the case of asymmetric con-
tractile stress distributions, the cell is polarized and starts
migrating. While NMIIA is most abundant and propels loads
the quickest along actin filaments, NMIIB is the strongest due
to its higher duty ratio; NMIIC seems to have little relevance
for cell migration, also due to its low abundance [15,16].
Recent experiments have shown that in a migrating cell the
isoforms A and B are not distributed equally [14,15]. While
the more abundant and more dynamic isoform A localizes
more at the leading edge, the stronger isoform B accumulates
towards the trailing edge (cf. Fig. 1).

In the following, we will define and analyze a model that
considers the complementary roles played by the two dom-
inant isoforms A and B. We use active gel theory, which
models the contractile actomyosin network as an active vis-
cous material and thus is a natural approach to describe
flowing actin networks as the physical basis of cell crawling
[17,18]. In principle, active gel theory can describe the effects
of both actin polymerization and myosin-based contractility,
but seminal work has shown that contractility alone is suffi-
cient to explain cell migration [19–21]. While this minimal
model leads to a supercritical pitchfork bifurcation towards
a motile state, more recently it was shown that a subcritical
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(a) (b)

FIG. 1. NMII isoform distributions in cells. (a) Microscopy
image of a U2OS cell with exogenous NMIIA (magenta) and en-
dogenous NMIIB (green). Modified from Ref. [15]. (b) Schematic
sketch of a cell indicating NMII isoform distribution and net cell
movement. [(c) and(d)] Experimental concentration ratios of NMIIA
and NMIIB within different cell compartments [(c) along the axis
of polarization and (d) unpolarized cell]. Adapted from Ref. [15].
While both isoforms are equally distributed in an unpolarized cell, in
a moving cell NMIIA and NMIIB enrich at the leading and trailing
edges, respectively.

pitchfork bifurcation and bistability can be obtained when
including a nonlinearity in the diffusion behavior, which can
be derived from the physics of a van der Waals fluid [22].

Here we extend this approach to a theory for two species
of NMII. Motivated by experiments by Weissenbruch et al.
[15,16], we incorporate phenomenological binding kinetics,
including the competition of isoforms A and B for bind-
ing sites on actin filaments. This amounts to a volume
exclusion interaction and results in an effective nonlinear
diffusion of myosins as known from the Tonks gas [23].
Our new model explains the experimentally observed dis-
tributions of NMIIA and NMIIB in a polarized migrating
cell. Exploring the parameter space we can describe four
different modes of cell motility: nonmotile cells, decaying
and stable pull-push velocity oscillations, and motile steady
migration. Using both numerical simulations and analytical
theory, we can obtain a complete phase diagram for our
model.

The paper is organized as follows. We will start by defining
the mathematical model based on active gel theory introduc-
ing the constitutive relation for stress. From binding kinetics
we derive an effective nonlinear diffusion and demonstrate its
consistency with the thermodynamics of a Tonks gas of two
species. We then investigate the resulting closed boundary
value problem and recapture experimental results in steady
state. Lifting the constraint of steady state we demonstrate an

oscillation mechanism for cell length and velocity. Next we
introduce a limiting case which can be treated analytically and
for which we present a phase diagram indicating four different
modes of motility. Last, we demonstrate the effect of actin
polymerization.

II. MINIMAL CELL MODEL
WITH TWO MYOSIN ISOFORMS

A. Geometry and mechanics of the cell

Our one-dimensional model considers an infinitely com-
pressible active gel. As commonly assumed [20,22,24], the
active contractile stress depends linearly on the motor con-
centration c, σact = −χc, resulting in the constitutive relation

η∂xv(x, t ) = σ (x, t ) − χAcA(x, t ) − χBcB(x, t ). (1)

Here v(x, t ) is the velocity of the actin flow and η the vis-
cosity. The right-hand side contains the total stress σ (x, t )
and the active stresses caused by the myosin concentrations
cA(x, t ), cB(x, t ) of the two isoforms. The minus signs relate to
contraction and the prefactors χA, χB quantify the contractility
of the species. Since the cell is adhering to the substrate,
we assume homogeneous viscous drag and get the force
balance

∂xσ = ξv, (2)

where ξ is a friction coefficient. The cell occupies the range
x ∈ [l−, l+] and hence its length is given by L(t ) = l+(t ) −
l−(t ) and its midpoint velocity by Ġ(t ) = d

dt (l+(t ) + l−(t ))/2.
We use an elastic boundary condition, σ (l±, t ) = −k(L(t ) −
L0)/L0, that models membrane tension and all other restor-
ing forces limiting the cell size [20–22]. Here k is the
effective spring constant of the cell and L0 its homeostatic
length.

B. Myosin motor binding kinetics

Myosin motors generate contractile forces by binding to
actin. Informed by the myosin cross-bridge cycle [25–28], we
can formulate equations for their dynamic behavior. Although
the cross-bridge cycle consists of multiple steps, we will
solely distinguish between motors that are either attached to
(index a) or detached from (index d) actin filaments to create
an effective two-state model as considered in Refs. [20,22,29].

In the unbound state, the motors can freely move inside
the cytoplasm with diffusion constant D̃ and bind to actin at
a rate kon. The binding process is subject to volume exclusion
effects, i.e., there must be a free spot available on the actin
filament to be able to bind. This is modeled by introducing a
saturation concentration c∞. When it is reached locally, no
more binding is possible. The attached proteins move with
the (retrograde) actin flow by advection with the velocity
v. Since the cytoplasm is considered as a reservoir for the
motors, the detachment rate koff is assumed to be independent
of any interaction effects. In general, the binding rates are
specific for each isoform (kA,on/off �= kB,on/off). In contrast, both
the diffusion coefficient and the saturation concentration are
mostly determined by the size of the protein which is the same
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for both isoforms. This leads to the following two differential
equations per isoform

∂t ci,a + ∂x(vci,a) = R(ci,a, ci,d ), (3a)

∂t ci,d − D̃∂2
x ci,d = −R(ci,a, ci,d ), (3b)

R(ci,a, ci,d ) = ki,on

c∞
(c∞ − (ci,a + c j,a))ci,d − ki,off ci,a.

(3c)

Here R(ci,a, ci,d ) is a nonlinear function describing the reac-
tion kinetics and i, j refer to isoforms A and B, respectively.
For the cellular behavior on the timescale of interest here,
we do not include a production of myosin inside the cell but
rather require the total myosin concentration of each isoform
to remain constant. This requirement then leads to no-flux
boundary conditions for the two species, ∂xcA,B(l±, t ) = 0.

We now simplify the problem, as previously proposed
for similar models [20,22]. First, we assume local chemical
equilibrium, R(ca, cd ) = 0, and obtain expressions for the de-
tached motors

ci,d = 1

Ki
· ci,ac∞

c∞ − (ci,a + c j,a)
, (4)

where Ki = ki,on/ki,off is the dissociation constant. Second, we
take the limit of fast binding and fast diffusion (KA, D̃ → ∞)
with D̃/KA → DA and D̃/KB → DAKr , where we introduced
Kr = KA/KB as the ratio of the dissociation constants of the
two isoforms. Adding now Eqs. (3a) and (3b) and insert-
ing Eq. (4), we obtain one advection-diffusion equation for
each isoform, describing the effective dynamics of the bound
myosin motors,

∂t cA = −∂x(vcA) + DA∂xDA(cA, cB), (5a)

∂t cB = −∂x(vcB) + DAKr∂xDB(cA, cB). (5b)

Above, we have already dropped the indices a and in the
following motors always refer to attached motors. The fact
that the detached motor concentration drops out comes at the
cost of concentration-dependent diffusion coefficients, which
read

Di = Dii∂xci + Di j∂xc j

= c∞(c∞ − c j )

(c∞ − (cA + cB))2
∂xci + c∞ci

(c∞ − (cA + cB))2
∂xc j . (6)

The diffusion for both (actin-bound) myosin isoforms is
nonlinear in the concentration, and it shows cross-diffusion
properties, i.e., a gradient of isoform B influences the dynam-
ics of isoform A and vice versa. Note that for cA = cB = c/2,
we obtain the model for a single motor species interacting
through volume exclusion [22]. The concentration depen-
dence in the prefactors of the gradients in Eq. (6) arise from
the excluded volume interaction, quantified by the saturation
concentration c∞. For concentrations approaching saturation
the diffusion diverges, whereas for cA, cB � c∞ we recover
concentration-independent diffusion constants and vanishing
cross-coupling.

Both nonlinear diffusion and cross-diffusion have been
introduced and analyzed for other systems, the former for
instance for bacterial growth [30] and crowded motor protein

systems [22,31], the latter in micelle solutions [32], protein-
polymer mixtures [33], and reaction-diffusion systems [34].
We here intend to investigate their effects in the context of
intracellular flow, internal cell organization, cell polarization,
and cell motility.

C. Myosin as Tonks gas

The nonlinear, concentration-dependent diffusion of
Eq. (6) can also be derived using arguments from classical ir-
reversible thermodynamics. Assuming a homogeneous “gas”
of two species, A and B, of hard spheres interacting only
sterically (Tonks gas [23]), one finds a free energy density of

f (cA, cB) = RT

[
cA ln

(
cA

c∞ − cA − cB

)

+ cB ln

(
cB

c∞ − cA − cB

)

+ c∞ ln

(
1 − cA + cB

c∞

)]
. (7)

Here R is the universal gas constant and T temperature. This
expression can be derived by either using a density functional
theory ansatz [35–38] or statistical arguments similar to Flory-
Huggins theory [39,40].

The first two terms in Eq. (7) arise from a Tonks gas with
two different species of spheres. However, the last term takes
its form due to the introduction of holes into the system.
These holes effectively constitute a third species. Besides,
the cytosol and actin network are considered as an additional
dense solvent background, whose influence can be neglected
due to the myosin size. The saturation concentration then
reads c∞ = cA + cB + choles. In the dilute limit, i.e., for large
c∞, the last term reduces to the sum of cA and cB which
resembles the free energy of the combination of two individual
Tonks gases. Hence, the last term can be interpreted as the
correlation between both species at concentrations of an order
of magnitude similar to the saturation.

Within nonequilibrium thermodynamics, fluxes are driven
by gradients in conjugate thermodynamic forces. The relevant
couple in our case is particle flux and chemical potential.
We use standard linear theory to express particle fluxes as
a linear expansion of all thermodynamic forces, introducing
the phenomenological Onsager coefficients Li j that in turn
can also depend on the thermodynamic variables. Doing so
we can relate the particle flux to the diffusion within the
multicomponent mixture

1

RT

∑
j∈{A,B}

Li j

(
−∂μ j

∂x

)
= −

∑
j∈{A,B}

Di j

(
∂c j

∂x

)
, (8)

where μ is the chemical potential, Li j is the matrix of
phenomenological coefficients, and Di j the diffusion ma-
trix. Obtaining the chemical potential from the free energy
via μ j = ∂ f /∂c j , we get the same diffusion coefficients as
derived from binding kinetics, Eq. (6), if the matrix of phe-
nomenological coefficients is

L = c∞
c∞ − cA − cB

(
cA 0
0 cB

)
. (9)
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The concentration-dependent prefactor of Eq. (9) arises
due to the excluded volume interaction. It is necessary in order
for the steric repulsion not to vanish in the limiting case of one
of the species’ concentration vanishing. Note that a species is
not only affected by the excluded volume with itself but also
with the other species. For the dilute limit, which implies a
large saturation concentration, the prefactor converges to unity
and one recovers the diagonal matrix Li j = ciδi j as typically
used for the diffusion of different species without explicit
volume exclusion interactions, cf. e.g., Ref. [41].

D. Full boundary value problem

By combining the myosin dynamics Eq. (5), with diffusion
coefficients given by Eq. (6), with the constitutive relation,
Eq. (1), and the force balance, Eq. (2), we can formulate the
full boundary value problem.

We introduce dimensionless variables and rescale length
and position by the cell length L0, time by L2

0/DA and con-
tractile stress by the spring constant k. The concentrations are
normalized using the initial average concentration of isoform
A, i.e., c0

A = ∫
cAdx/L0. The initial average concentration

of B can then be calculated using the relative abundance

cr = c0
A/c0

B. Furthermore, we introduce L =
√

η/(ξL2
0 ) as the

ratio of the viscous and the frictional length scales [42], the
dimensionless contractility Pi = χic0

A/k of the two isoforms
and the Péclet number Pe = k/(ξDA).

We then map the problem into internal coordinates u =
(x − l−)/L ∈ [0, 1] to work on a fixed domain. The dimen-
sionless boundary value problem then reads

−L2

L2
∂2

u σ̃ + σ̃ = PAc̃A + PBc̃B, (10a)

∂t c̃A = − 1

L
∂u(ṽc̃A) + 1

L2
∂uDA(c̃A/L, c̃B/L),

(10b)

∂t c̃B = − 1

L
∂u(ṽc̃B) + Kr

L2
∂uDB(c̃A/L, c̃B/L).

(10c)

Here c̃i(u, t ) = L(t )ci(u, t ) and σ̃ (u, t ) = L(t )σ (u, t ) are
rescaled concentrations and stress. Both myosin isoform are
advected by the actin retrograde flow with ṽ = Pe

L2 ∂uσ̃ −
L̇(u − 1

2 ) − Ġ. The elastic boundary condition reduces to
σ̃ (u±, t ) = −L(t )(L(t ) − 1) with u± ∈ {0, 1}. The no-flux
condition for the myosins is given by ∂ucA,B(u±, t ) = 0. The
system of equations presented in Eq. (10) will now be an-
alyzed in the following by continuation methods and direct
numerical simulation. The corresponding computer code has
been made publicly available [43]. The main parameters are
Pe, PA, PB, Kr , c∞, cr . The meaning of L has been discussed
before in Refs. [21,22].

III. RESULTS

A. Comparison to one-species models

As a background for the new two-species model, we briefly
recall the basic features of the one-species model. As studied
in Refs. [19,20], the model for one species and a constant

diffusion coefficient allows for a supercritical pitchfork bi-
furcation from sessile to moving cells as a function of Pe.
The instability is due to the motors being advected to the
back by retrograde flow from where they pull further motors
backward in a positive feedback loop. Because the motor
distribution at the back can become unrealistically high in this
model, excluded volume effects have been introduced, which
imply nonlinear diffusion and smoothen the motor distribution
[22]. It was also shown that attractive interactions, model-
ing myosin minifilament assembly, can render the bifurcation
subcritical, thus leading to bistability and the possibility of
optogenetic switching. More recently, it has been shown in a
mathematically rigorous analysis that this subcritical bifurca-
tion persists in a two-dimensional (2D) version of this model
[44].

Here we are motivated by the experiments by Weis-
senbruch et al. [15,16], who have investigated the distributions
of the isoforms NMIIA and NMIIB in polarized U2OS cells
moving on a substrate in a steady fashion. As shown in Fig. 1,
the more abundant, faster isoform A accumulates at the lead-
ing edge while the stronger, higher duty ratio NMIIB at the
trailing edge. Therefore we now have generalized this model
to two species. For the moment being, we did not include any
attraction yet, thus our reference case is the Tonks gas and not
the van der Waals fluid.

B. Model parameters

Informed by experimental data on crawling cells, we
first estimate the parameters of our model. Due to ξ ∼
2 × 1014 Pa s m−1 [22,45], η ∼ 105 Pa s [20,45], k ∼ 104 Pa
[16,46,47], and L0 ∼ 20 µm [20] we obtain a (squared) rel-
ative viscous length scale of L2 = 1.25. Using DA ∼ 0.1 ×
10−12 m2 s−1 [48–51], we infer the order of magnitude of the
Péclet number to be Pe ∼ 100.

The isoform-specific (off-)binding rates determine Kr ,
which in turn serves as a measure of relative diffusion. While
the binding rates of both isoforms are equal (kA,on = kB,on =
0.2 s−1), off-binding rates are kA,off = 1.71 s−1 and kB,off =
0.35 s−1 [28,29,52,53] leading to a relative diffusion of Kr ≈
0.2. The contractility parameters, as defined earlier, are of
the order Pi ∼ 0.1 [20]. Due to the different duty ratios of
the isoforms A and B we find PB ≈ 3.6 · PA [28] and, thus,
choose PA = 0.05 and PB = 0.18. Last, following arguments
from Ref. [22] we use c∞ = 4 for the saturation concen-
tration. The concentration ratio of cr ≈ 1.5 is taken from
experiments [15].

C. Myosin isoform distributions in steadily moving cells

We solve the boundary value problem for steady states
using the numerical continuation software Auto07-p [43,54].
The results for the parameters estimated above are shown in
Fig. 2. Figures 2(a) and 2(b) show the bifurcation diagrams.
Below a critical value of Pecrit ≈ 82, the cell is in a sessile
state with zero velocity [Fig. 2(a)] and at its homeostatic
length [Fig. 2(b)]. The corresponding concentration profiles
are shown in Fig. 2(c): They are flat and hence symmetric for
both isoforms. In Fig. 2(c) we also show the total active stress
σact (u) = −χAcA(u) − χBcB(u) as the dashed line, which
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FIG. 2. Simulation results for steadily moving cells. (a) Super-
critical pitchfork bifurcation of cell velocity Ġ as a function of
the Péclet number Pe (primary continuation parameter). Solid lines
mark stable, dashed lines unstable solutions. (b) Deviation of the
cell length from its homeostatic value �L = L − L0 as a function
of Péclet number. (c) Myosin concentration profiles of the two iso-
forms and the resulting total active stress σact of a sessile steady
state. (d) The corresponding concentration ratios subdivided into
three compartments as indicated by the gray dotted lines in (c). (e)
Concentration profiles and total active stress for a motile steady
state (cell velocity direction to the left indicated with arrow) and
the corresponding concentrations ratios in (f). Parameters used: L2 =
1.25, Kr = 0.2, PA = 0.05, PB = 0.18, c∞ = 4, cr = 1.5.

obviously is also flat. We also define the concentration ratios
as ci/(cA + cB), with i = A, B.

At the critical Péclet number, a supercritical pitchfork bi-
furcation occurs where the sessile state becomes unstable and
stable motile steady states emerge. The two motile branches
in Fig. 2(a) are ± symmetric and belong to the same, slightly
contracted branch of the cell’s length in Fig. 2(b). Whether
one moves to the right or to the left is determined by the
initial conditions. Due to the high dimensionality of our non-
linear PDE system, analytical proof of attractor uniqueness
is infeasible. However, Recho et al. [20] showed that in a
similar single-species model, only the first supercritical pitch-
fork bifurcation leads to stable modes. Given this similarity,
we expect the same here. Numerical simulations from varied
initial conditions revealed no evidence of additional stable
branches.

In the steadily moving cell state beyond the bifurcation,
the myosin distributions are asymmetric, as depicted in Fig.
2(e). This symmetry break in the concentrations induces a
polarized active stress profile that initiates cell polarization
and motility. In the shown example, the active stress is highest
at the right edge (u = 1), inducing a retrograde flow of actin

FIG. 3. Kymograph, i.e., trajectories in space and time, showing
the advection through retrograde actin flow of a cell that approaches
steady-state motility. The flow lines (red) are directed towards the
rear end and the flow velocity reaches a maximum value of ṽmax ∼
4.0 × 10−2 µm s−1.

to this end. Therefore, the cell moves to the left, like in the
experimental examples from Fig. 1. The trailing edge is the
locus of highest myosin concentration and, thus, highest active
stress, in agreement to earlier theoretical works [20,21] as well
as experimental findings [13,15,16].

As already discussed, the two myosin isoforms and hence
the concentration ratio are homogeneously distributed within
the sessile state, see Fig. 2(d). Comparing to Fig. 1(d), due
to the lack of a polarization axis in the sessile state, we should
identify the lamellum with the cell center and the region called
“intermediate” region in Fig. 1(d), and both edges with the
periphery. In the motile steady state the stronger isoform B sits
in the back, while the more diffusive isoform A is displaced
towards the front causing the varying concentration ratios as
shown in Fig. 2(f). This redistribution is due to the balance of
retrograde flow and diffusion, the former from flow towards
the trailing edge and the latter effected by motors unbinding
from actin. The higher the diffusion, the less motors of the
respective isoform arrive at the trailing edge. For the estimated
value of Kr = 0.2, isoform A has a larger effective diffusion
than isoform B. Thus, B accumulates more quickly at the
trailing edge. The effect of excluded volume then constrains
A to accumulate further up front.

The symmetry breaking of concentration profiles is caused
by the advection of myosin along the actin retrograde flow.
The diffusion, depending on both Kr and c∞, counteracts
this by flattening the profiles. Hence, this polarization can
only occur if the Péclet number is sufficiently large. This
mechanism remains qualitatively unchanged when varying
the other parameters. A more thorough sensitivity analysis of
the parameters is performed in the appendix. The theoretical
results agree with the experimental data from Weissenbruch
et al. [15], compare Figs. 2(f) and 1(c).

The myosin isoforms are mobile within the cell and are
transported with actin filaments in the retrograde actin flow.
Using finite-volume simulations we can trace this flow ṽ,
introduced in Eq. (10) [43]. The result can be seen in Fig. 3 as
a kymograph, showing a cell that, after an initial perturbation,
approaches a state of steady motility to the left. The retrograde
flow is directed towards the rear end of the cell with a typical
speed of ṽmax ∼ 10−2 µm s−1. This value is small but not
unrealistic [55].
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FIG. 4. Oscillatory dynamics of the two isoform system. (a) Hopf bifurcation at Kcrit = 11 500 in the Ġmax-Pe plane, where Ġmax refers
to the maximum velocity within an oscillation cycle. (b) Exemplary limit cycles in the Ġmax-�cB plane, where �cB = cB(l+) − cB(l−) is a
measure of the polarity of the myosin B distribution. The size of the limit cycle grows with Pe. (c) Exemplary limit cycles in the plane cell
velocity vs cell length. (d) Examples of the three different motility modes—sessile, transient oscillation, and stable oscillation. Shown is the
cell velocity over time. (e) Kymographs visualizing the pull-push mechanism. Shown are the distributions of both myosin isoforms (upper and
middle panel) and the resulting total active stress (lower panel) in a stable oscillatory state at Pe = 16 000. Parameters as in Fig. 2, except for
concentration ratio of cr = 1 and strongly increased dissociation/diffusion ratio Kr = 10.

D. Exploring parameter space and occurrence of oscillations

We now lift the constraint of steady states, solving the full
boundary value problem Eq. (10) numerically, and explore
the parameter space beyond the values estimated from experi-
ments. As in the polarization mechanism, the most interesting
parameters to study are the ratio of the dissociation constants,
Kr , the contractilities PA and PB, and the Péclet number. These
parameters again qualitatively determine the motility mode
of the system. In the following, we will keep the contractil-
ity values, but consider a large Kr = 10 instead of the low
Kr = 0.2 from before. In this parameter regime, we find ad-
ditional modes of motility, in particular the possibility of
oscillations, as shown in Fig. 4. For small Péclet number
Pe we again find stable sessile steady states. Increasing Pe
leads to the onset of transient oscillations, whose amplitudes
decay towards the sessile steady state in the regime 6000 �
Pe � 11 500. Beyond a critical value of Pecrit ≈ 11 500, these
oscillations prevail and become stable. This behavior can be
traced back to a Hopf bifurcation as shown in Figs. 4(a)–4(c).
Examples for the three different modes of motility—sessile,

transient oscillation and stable oscillation—are shown in
Fig. 4(d).

For the oscillations to occur, the system requires a larger
Péclet number. The increase of the critical Péclet number for
the bifurcation as compared to Fig. 2 can be traced back
to the increase of the effective diffusion of B (by a fac-
tor of 50) and the scaling of the Péclet number with the
squared inverse of diffusion. The combination of the bifur-
cation diagram, cf. Fig. 2(a), and the growing closed limit
cycles, cf. Figs. 2(b) and 2(c), demonstrate the emergence
of a supercritical Hopf bifurcation towards stable oscillations.
Compared to the cell velocity oscillations, the oscillations in
cell length are smaller by several orders of magnitude, see
Fig. 2(c).

It is also interesting to study the polarity, which can be
quantified by the left-right edge difference of the stronger
motor �cB = cB(1) − cB(0). The polarity and the velocity
oscillate with the same frequency; see Fig. 4(b). while the
length oscillates with twice the frequency of the velocity
oscillation, Fig. 4(c). This is because in each cycle the cell
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V

1. 

3.

2.4.

FIG. 5. Schematic sketch of myosin dynamics within an oscillat-
ing cell. (1) The cell initially moves to the right. More contractile
species B (blue) at the back causes net flow of A (yellow) to the left.
(2) Then A displaces B. Net flow of B to the right (blue arrow). (3)
Cell movement slows down and reverses. Cycle of “pull-and-push”
starts in the other direction.

passes every length twice, once during contraction and once
during elongation. How can the mechanism of the oscillation
be understood? One has to note that for Kr > 0, one myosin
isoform (namely NMII B) is more diffusive and, because
of our choice of parameters here, also more contractile. If
we initially assume a spatial separation of both isoforms,
then the stronger isoform B induces a larger—and hence
dominating—contractile stress that induces an actin flow to-
wards the position where isoform B is the most aggregated.
Myosin motors of isoform A are advected along the retro-
grade actin flow. As an effect of volume exclusion, isoform
A subsequently displaces the more diffusive isoform B from
its initial position and effectively “pushes” it to the other side
of the cell. From this point on the pull-and-push cycle repeats.
A schematic sketch of the internal myosin dynamics during
one oscillation cycle is depicted in Fig. 5.

This pull-push mechanism is clearly visible within the
simulation data in Fig. 4(e), showing kymographs (space-
time-plots) of both isoforms (upper and middle panel) and the
total active stress (lower panel) driving the dynamics. One can
see that both isoforms continuously exchange positions which
in turn corresponds to an oscillatory active stress. Within the
laboratory frame, the cell oscillates in space and velocity. As
the oscillation in cell length are much smaller than the one in
cell velocity, it is barely visible in the kymographs.

Increasing Pe � 17 000, our numerics, using a finite-
volume method implemented with the FiPy-package for
python [56], became numerically unstable. The reason is that
at such high Péclet number, advection dominates the diffusion
and causes a lack of regularization. A code better adapted to
the hyperbolic nature of this regime could be developed. We
have rather chosen to circumvent this numerical problem by
considering the rigid limit of the boundary value problem in
the following, which also sheds new light on the origin of
the oscillation and allows to establish a state diagram for the
system.

E. The rigid limit and the state diagram

The much smaller oscillation amplitude of the cell length
compared to the cell velocity, cf. Fig. 4(c), suggests to look at
the rigid limit of the problem, i.e., where the cell has constant
length, to simplify the analysis.

Similarly as suggested in Ref. [20], we introduce a new di-
mensionless stress σ ′ = σ/(c0

AχA) leading to a new parameter
for relative contractility χr = χA/χB and a new continuation
parameter λ = PePA. All other parameters from Eqs. (10)
remain unchanged. The stiff limit then requires the con-
tractility to be so small that the cell is not contracted, i.e.,
PA,B → 0, L → 1. This leads to the adjusted elastic boundary
condition

σ ′(l±, t ) = lim
PA→0

lim
L→1

(
− 1

PA
(L − 1)

)
=: σ0, (11)

where we assume the parameter σ0 to be finite and implicitly
defined through the remaining boundary conditions. We thus
exchange the dynamics of the length, L, with the one from an
implicitly defined “background stress” σ0, which encodes the
changes in the averaged level of contraction.

To simplify the problem we introduce the stress deviation
field s(u) = λ(σ ′(u) − σ0). In internal coordinates, the new
boundary value problem now reads

−L2∂2
u s + s + s0 = λ

(
cA + 1

χr
cB

)
, (12a)

∂t cA = ∂u[(Ġ − ∂us)cA] + ∂uDA(cA, cB),

(12b)

∂t cB = ∂u[(Ġ − ∂us)cB] + Kr∂uDB(cA, cB),

(12c)

where s0 = λσ0 and the diffusion coefficients are the ones
from from Eq. (6). The boundary conditions now read
∂ucA,B(u±, t ) = s(u±) = 0 and ∂us(u±) = l̇± ≡ Ġ. Note that
albeit having set the length to a constant value, which makes
Eqs. (12) much simpler than Eqs. (10), we have not lost its
degree of freedom, which is now encoded in the background
stress s0.

We can now perform a linear stability analysis, i.e., we
expand all variables of our system in terms of small time- (and
space-) dependent perturbations, added to the homogeneous
steady state,

s0(t ) = s0
0 + δs0(t ), (13a)

s(u, t ) = s0 + δs(u, t ), (13b)

ci(u, t ) = c0
i + δci(u, t ), i = A, B. (13c)

We now neglect any dynamics of the background stress by
assuming δs0(t ) ≡ 0. From the stress boundary condition, we
can infer s0 = 0. The equilibrium values for the isoforms are
chosen, as before, to be c0

A = 1 and c0
B = c0

A/cr . When solving
Eqs. (12) numerically using the finite-volume method, we,
however, keep the dependence on the background stress. It
then has to be determined for every time step, such that all
boundary conditions are satisfied. In the analytical treatment,
the perturbations are decomposed into Fourier modes of the
form [Xi(qi ) cos(qiu) + Yi(qi ) sin(qiu)]eσqt that have to satisfy
the boundary conditions, leading to

δs = Ys(2nπ ) sin(2nπu)eσqt , (14a)

δcA = XA(nπ ) cos(nπu)eσqt , (14b)

δcB = XB(nπ ) cos(nπu)eσqt . (14c)
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FIG. 6. Motility modes in the rigid limit. (a) State diagram of the four different motility modes depending on the relative diffusion Kr vs
the rescaled Péclet number λ. Numerical results obtained by finite-volume simulations of Eqs. (12) are coded in levels of gray. The curves are
obtained from the linear stability eigenvalue problem and mark analytically predicted borders of the state diagram. (b) Kymographs for the two
motor isoform concentrations and the resulting total active stress in a state of stable oscillations (λ = 44). (c) Examples of the four different
motility modes as plots of velocity over time. λ is varied while Kr ≈ 4 was kept fixed. Parameters correspond to the points indicated in (a).
Parameters not mentioned have the same values as in Fig. 4.

The spectrum of wave vectors is discrete with n ∈ N as we
consider the finite domain u ∈ [0, 1]. Expanding the system
of Eqs. (12) to linear order in the perturbations and inserting
Eqs. (14) we obtain an eigenvalue problem σq X = Mq X for
the vector X = (δs, δcA, δcB), with the matrix

Mq =

⎛
⎜⎜⎝

−4L2q2 − 1 λ λ/χr

4c0
Aq2 −q2 (c∞−c0

B )
ζh

−q2 c0
A

ζh

4c0
Bq2 −q2Kr

c0
B

ζh
−q2Kr

(c∞−c0
A)

ζh

⎞
⎟⎟⎠.

(15)

In the submatrix of the myosin concentrations, we introduced
the common factor ζh = (c∞ − c0

A − c0
B)2/c∞ coming from

the nonlinear diffusion. The construction of the matrix Mq

through first- and second-order partial derivatives with re-
spect to the perturbed variables renders the constant term s0

0
irrelevant.

To predict the different modes of motility, we have to solve
the eigenvalue problem. It is important to note that Eq. (12a)
does not have any time derivatives, and hence we take σq = 0
in the first row of the characteristic equation. This effectively
sets one eigenvalue to zero and we are left with a pair of
eigenvalues that potentially are complex.

The results are shown in Fig. 6. As shown in Fig. 6(a), the
numerical results of the full system of Eqs. (12)—shown as
background colors—agree very well with the linear stability
analysis (curves). This a posteriori justifies the neglection of

perturbations in s0. We can identify four different modes of
motility: sessile steady states, oscillations decaying towards
a sessile steady state (transient oscillations), stable oscilla-
tions, and motile steady states. Exemplary plots of velocity
as a function of time for each of these modes are shown in
Fig. 6(c).

As also obvious from Fig. 6(a), oscillations can only oc-
cur in case of Kr > 1. This implies KA > KB, meaning that
the stronger isoform (myosin B) must have larger effective
diffusion than the weaker isoform (myosin A). In the case of
stable oscillations, we recover the pull-push mechanism that
includes the consecutive displacement among both isoforms
as shown in the kymograph of Fig. 6(b). This again proves the
qualitative consistency of the rigid limit with the initial model,
Eq. (10).

Note that in the linear analysis we have only used the
first mode (n = 1), as it is the most dominant one for the
dynamics at the given hydrodynamic length of L ∼ 1.25:
In fact, it is the first antisymmetric mode that creates the
strongest polarity for δcA and δcB. Modes of even n do not
produce cell motility as they create symmetric concentration
profiles. Higher modes of odd n cause antisymmetric con-
centration profiles that consist of multiple maxima/minima,
leading to overall less polarity. Hence, the first mode suf-
fices for a qualitative analysis of the dynamics of the system,
as also confirmed by the numerical solution. Also note that
performing an analogous linear stability analysis for the orig-
inal system Eq. (10) by simply fixing the length does not

024413-8



ACTIVE GEL THEORY FOR CELL MIGRATION WITH TWO … PHYSICAL REVIEW E 112, 024413 (2025)

yield results consistent with the corresponding finite-volume
simulations.

F. Effect of actin polymerization

Contraction-driven motility emerges by an internal sym-
metry break as explained above. Uneven actin polymerization
at the cell boundaries breaks front-rear symmetry by construc-
tion and allows cells to quickly respond to external cues. For
one-species models, this effect of actin polymerization has
been demonstrated before [20–22]. Although here our focus
is on contractility, for completeness we have also performed
a similar analysis for the two-species model presented here.
Polymerization can be incorporated into our model by modi-
fying the force balance equation of Eq. (2) adding the constant
polymerization velocity vp to the contraction driven velocity
v(l±) at the cell edges

l̇± = 1

ξ
∂xσ (l±(t ), t ) + vp. (16)

This corresponds to symmetric polymerization where actin
filaments are extended at the leading and retracted at the
trailing edge with the same speed. In order to keep the total
mass of myosin constant, polymerization requires novel flux
boundary conditions,

∂xcA,B(l±, t ) = −vp

D

(c∞ − cA,B(l±, t ))2

cA,B(l±, t )
. (17)

This change poses difficulties when formulating the equa-
tions for steady-state motility as additional boundary terms are
required. In the following analysis, we focus on the steady-
state equations previously derived under no-flux boundary
conditions. As a result, there is a slight loss of total myosin
mass; however, this effect remains negligible for small poly-
merization velocities and over short timescales. While this
approach is approximate, it nonetheless offers valuable qual-
itative insight into the system’s behavior. Figures 7(a) and
7(b) show the bifurcation analysis in steady state subject to
small polymerization velocities. Any nonzero polymerization
turns the pitchfork bifurcation into an imperfect bifurca-
tion, which means that it splits into a biased motile solution
branch, a stable solution branch with opposite polymerization-
and contraction-driven polarizations, and an unstable branch
unpolarized in the myosin distribution except for retro-
grade flow from polymerization. This change in bifurcation
type, however, neither changes the polarization mechanism
from contraction nor the qualitative isoform distribution [cf.
Fig. 7(c)].

IV. DISCUSSION

Motivated by the existence of several isoforms of NMII,
and specifically by the experiments by Weissenbruch et al.
[15,16], we have developed and analyzed a physical model
including two interacting isoforms of NMII proteins. The in-
teraction between the myosin isoforms A and B is mediated by
excluded volume, that depends on the saturation concentration
and leads to nonlinear diffusion, derived both via a micro-
scopic binding kinetics and nonequilibrium thermodynamics.
The corresponding physics is that of a Tonks gas. In the future,

FIG. 7. Bifurcation diagrams for different polymerization veloci-
ties vp. As soon as vp �= 0 the symmetry of the supercritical pitchfork
bifurcation is broken and imperfect bifurcations with three branches
emerge. (a) Bifurcation diagram for positive vp. (b) Bifurcation di-
agrams for negative vp. Encircled points mark changes in stability.
(c) Concentration profiles taken at K = 120 for polymerization ve-
locity vp = 0.01 at the stable solution branch, the unstable branch
and the biased motile solutions (from left to right). Parameters used:
L2 = 1.25, Kr = 0.2, PA = 0.05, PB = 0.18, c∞ = 4, cr = 1.5.

one could also include an attractive interaction, thus changing
to the van der Waals fluid as a reference case, as suggested
earlier for a one-species active gel model [22]. We expect that
such a model extension would change the bifurcation from
supercritical to subcritical, leading to bistability and the pos-
sibility of optogenetic switching. Because this is not the focus
of the current work and would make analytical progress even
more difficult; here we did not study this potential extension.

The two-species model introduced here recovers the exper-
imental distributions of the isoforms and in addition predicts
the existence of a variety of migratory modes. Regarding the
steady states, in the nonmotile steady state both isoforms
are homogeneously distributed and cause a symmetric ac-
tive contractile stress. At sufficiently large Péclet numbers;
however, this symmetry is broken and polarized concentra-
tion fields and, consequently, polarized active stress profiles
emerge. This onset of polarization and migration is due to a
supercritical pitchfork bifurcation. For a steadily moving cell
beyond the bifurcation, we find the experimentally observed,
isoform-specific myosin distribution profiles [15]: The faster
NMIIA accumulates at the leading edge, while the stronger
NMIIB localizes at the trailing edge. We also showed that
our model can be extended to describe the effect of uneven
actin polymerization at the boundaries, which immediately
stabilizes motile solutions and leads to an imperfect pitchfork
bifurcation but otherwise does not change our conclusions.
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crit crit crit

crit crit crit

crit crit crit

FIG. 8. Concentration profiles for different saturation concentrations c∞ and relative diffusivities Kr . All profiles taken at K = 1000,
contractilities PA = PB = 0.06 and total concentration ratio cr = 1. For Kr = 1 both profiles are equal.

Our one-dimensional model is motivated by the recent
body of experimental work of cells migrating along lines
and in channels. In order to analyze higher dimensions, other
model classes such as phase field models are easier to imple-
ment [8,57], although a recent mathematical analysis showed
how a rigorous bifurcation analysis can be performed on a
2D model similar to the one described here [44]. Due to the
similarities of this work with the one-dimensional one-species
model [21], we would also expect our two-species model to
behave similarly in two dimensions.

We have explored further modes of motility besides the
steady-state solutions. Oscillations occur in case that the
more contractile isoform is also more diffusive (i.e., PB > PA,

Kr > 1), via a cyclic pull-push mechanism. This mechanism
works best for similar total abundances of both isoform, cr ∼
1. It has been suggested that different myosin isoforms can be
regulated independently [58–60], which would allow for the
relative diffusion to be controlled via Kr . Albeit not observed
in the animal cell type investigated in Refs. [15,16], it is
not unlikely that these oscillations might occur in other cell
types (e.g., from other species). Another interesting option
is to genetically engineer cells such that these oscillations
occur, either spontaneously or triggered by external control,
in particular by optogenetics. If oscillations can be controlled
in this manner, then it also would be easy to distinguish them

from oscillations that occur as a result of nonlinear friction, as
described by clutch models [61–63].

In the oscillatory state, the amplitude of the cell length
oscillation is much smaller than the one of velocity. This
suggested to study the rigid limit, which enabled an analytic
linear stability analysis and allowed to determine the full state
diagram of the system, containing sessile cells, cells with
transient oscillations and persistent oscillations, as well as
steady motile cell solutions. This phase diagram is in good
agreement with finite-volume simulations of the full model.

In summary, here we have shown that active gel theory
can be extended to also describe the effect of having two
complementary isoforms at work. The fact that we could
derive the same model from both kinetic and a thermodynamic
perspectives demonstrate its fundamental nature and paves the
way to also include other biologically relevant effects into the
model. In particular, a third major molecular constituent of
contractile structures in cells is α-actinin, which like NMII
also exists in different isoforms and which also competes for
binding to the actin filaments. In our model framework, such a
competitor would increase excluded volume for the NMII and
therefore decrease active stress. At the same time, α-actinin
might increase elasticity and therefore make the cell effec-
tively stiffer. It would be interesting to include such effects,
but this also would introduce many more model parameters,
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FIG. 9. Concentration profiles and active stress for varying relative contractility and concentration ratios. All profiles are plotted at K =
2500. Fixed parameters are Kr = 1.0, c∞ = 5. The following values for the respective contractility were used: first row: PA = 0.02, PB = 0.01;
second row: PA = PB = 0.015; third row: PA = 0.01, PB = 0.02.

that then had to be estimated from experiment. The same is
true for replacing the simple friction by a molecular clutch
[61,64]. Despite this complexity, however, the work presented
here clearly shows that molecular details can be fruitfully
included in fundamental models for cell motility.
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APPENDIX: PARAMETER ANALYSIS

In the following, we analyze the system’s dependence on
several parameters and their effect on the dynamics. We use

steady-state solutions throughout. For all analyzed values we
find supercritical pitchfork bifurcations at Kcrit in analogy to
what is shown in Fig. 2(a).

Figure 8 shows the effect of various combinations of pa-
rameter values of saturation concentration c∞ and relative
diffusivity Kr . Following the rows, we see that a low sat-
uration concentration flattens and widens the concentration
profiles. In contrast, high saturation allows for sharper peaks
and overall spatially narrower profiles inside the cell. This
holds for all Kr . Larger saturation concentrations allow for
stronger polarization at the edges. Hence, the bifurcation point
Kcrit marking the transition from sessile to motile states shifts
to smaller values for increasing saturation concentration. The
columns reveal the influence of relative diffusion. The isoform
with the lowest diffusivity sits further in the back (species B
for Kr < 0, species A for Kr > 0). We can explain this by
the transport of myosin along the retrograde actin flow. The
retrograde flow moves towards the trailing edge. For the cases
depicted here of positive cell velocity we find a flow towards
the left. During advection, the motors also diffuse away and
unbind from actin. The higher the diffusion, the less motors
arrive at the trailing edge to initiate motility. This also explains
why the critical Péclet number (Kcrit) increases with increas-
ing Kr . According to Eq. (10), the diffusion of species A is not
affected by Kr , which only influences the diffusion of species
B. Hence, an increase in Kr leads to a higher total diffusion
with less biased concentration and therefore less asymmetric
active stress profiles, causing a later onset of motility. Once

024413-11



WINKLER, DROZDOWSKI, ZIEBERT, AND SCHWARZ PHYSICAL REVIEW E 112, 024413 (2025)

the space at the trailing edge is occupied by the less diffusive
species, the other species can only place itself closer to the
cell center due to the volume exclusion interaction.

Figure 9 shows the effect of varying the ratio of total
concentration and the ratio of contractility. Since Kr is kept
constant the concentration profiles of A and B have a similar
qualitative shape and positions in each respective plot. The
relative magnitudes of the concentrations originate from cr .
For c∞ �= 0 one species is more abundant—species A when
cr > 1, species B when cr < 1 while for cr = 1, the profiles
and the active stress σact are also quantitatively equal. For all
plots, the sum of both contractilities is equal. For each row, we
find the narrowest and sharpest concentration profiles in the
last column at the maximum and the flattest and broadest pro-
files in the first column at the minimum value of cr . The vary-
ing profile widths can be explained by the way that we have
normalized the concentrations: In internal coordinates c0

A = 1

and c0
B = 1/cr . Hence, we find the highest sum of integrated

concentrations for cr = 0.5 and the lowest for cr = 2.0 (c0
A +

c0
B = 3, respectively, 1.5). Consequently, two phenomena

can be identified. First, at low cr (effective larger total
concentration) the system is more significantly affected by
the saturation concentration. The intensified repulsive vol-
ume exclusion force leads to flattening and broadening of
the profiles. Second, for a larger total number of motors,
increased myosin advection is required to facilitate polariza-
tion, as can also be seen in the shifting bifurcation point
Kcrit . With an increase in cr , a decreasing trend in Kcrit

is observed. An exception to this trend appears in the fi-
nal plot of the last row. There, the combination of A being
more abundant while B is more contractile leads to a higher
critical Péclet number. The influence of the contractility ra-
tio on the shapes and magnitudes of the concentration is
negligible.
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