Heidelberg University WS 2025/2026

Quantum Field Theory I
Assignment Week 11

Classroom Exercise 1: Wick’s theorem

Motivation: In the lecture you mentioned Wick’s theorem which allows to express time-ordered correlation functions

i terms and is a central result in QFT. Here you will complete the proof of this theorem.

In the lecture, you showed the following relation for the product of n = 2 fields®,

[

T{o(x), 0(y)} =: o(x)9(y) - +¢(x)9(y) , (1.1)

with ¢(2)¢(y) = Dr(z — y).
We would like to generalize the theorem to an arbitrary number of fields n as:

TA{o(x1)...0(xn)} =: d(x1) ... P(x) + (Z all possible contractions) - (1.2)
which we prove by induction, by assuming the relation holds for (n — 1) fields and showing that it

holds for n-fields. We assume without the loss of generality that our fields are already time-ordered
(le. 2>y > >2a0).

a) Use the decomposition ¢(z) = ¢ () + ¢~ (x) to show that:
[6%(21), : $la) ... dlan) ] = (Z single contractions with ¢(;c1)) -

b) Using the above result prove the general Wick’s theorem by showing the following
T{o(@1) ... o)} = (87 (x1) + ¢ (21)) { P P(@2) - .. Pzn) :

+ Z all contractions not involving ¢(z1) : } (1.3)

= 1o(x1)...0(xp) t +: Z all possible contractions :  (1.4)

@All field operators here are meant to be in the interaction picture.

Exercise 1: Scattering amplitudes at tree level

Motivation: This exercise showcases the use of the Feynman rules in computing elementary processes in QED

at tree level. Particularly regarding fermions, signs are very important and require careful analysis in interaction
picture, using Wick’s theorem for fermions. You are advised to consult Peskin € Schroder Ch. 4.7-4.8 and/or Tong
CH. 5.6-5.7

Draw the tree-level diagrams of the following scattering processes, and write down their analytic
expressions using Feynman rules:




a) Bhabha scattering (ete™ — eTe™)

b) Compton Scattering (e=y — e~ )

Hint: To find the correct signs for all diagrams you need to start from the general formulas in the
interaction picture and take into account the anti-commuting character of fermions.

Exercise 2: Time-ordering in the LSZ reduction formula

Motivation: The LSZ reduction formula allows us to compute on-shell amplitudes describing scattering experiments,

from time-ordered correlations functions. We will see explicitly how the time-ordering and the disconnected parts

come up in the formula.

Central in the derivation of the LSZ reduction formula, and for deriving the time-ordering,is the
weak asymptotic condition?,

m (al(2)[b) = VZ (¢3! (2)15) - (1.5)

li
t—+oo

We also going to assume that all external momenta are different. Then the case where some
momenta are equal (“forward scattering”) can be obtained by analytic continuation.

a) Write the S-matrix element in terms of creation and annihilation operators of in/out states.
Explain why the result:

= (Olaz, out - @, out a:;*l,in o 'ajjm,in|0> (1.6)
on—shell

<p17 o000 7pn;OUt|q17 s 7Qm;0ut>

is already time-ordered.
Now we continue with the reduction, using the relation you derived in the lecture (essentially

Eq. (539) on p. 114 in the script).”:

al al.. = —z’Zl/2/d4x e (O+m?) ¢(z) (1.7)

p,out P, in

b) Use Eq. (1.7) and the time-ordering symbol and the following identities, to show that (sup-
pressing here the on-shell condition):

1 . .
<p1, e P 0ut|q1’ e O 1n> e <_> / <H d4yk elpkyk> (H d4xk el%ﬂck)
Z k k

. (Dy1 + m2) e (l:':cm + m2) O|T [6(v1) - - - P(xm)] |0) + Z (disconnected terms) (1.8)

Hint: Do the reduction step by step substituting the asymptotic creation/annihilation oper-
ators via Eq.(1.7), until you are convinced of the general formula (1.8). You can also consult
Sec. (2.4) in T. Weigand’s notes, which are available online.

“The t-limit means that the interacting fields ¢ as configurations match the free-fields @i /ous- @in/our are still
time-dependent in the Heisenberg picture.

®The weak asymptotic condition is crucial to derive this formula and it also requires that we take localized
wave-packets and not plane waves as the in/out states. You can pull out the Klein-Gordon operator from the
time-ordering at the expense of contact terms that nevertheless do not contribute to scattering when we take the
on-shell limit and thus, you can ignore them.




